
Exercise 9 

        A Rate change relating to Cartesian Equations  

1
Solution

 

2 2Given  16 9 144 .................................. (1)

 5 into (1)Substitu

3

v

t .

144 16(5)
9

8
3

d dSince , 0. Hence for > 0,  sh

g
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+ =

=

−
= ±

= ±

>

∴ = −

  

Differentiate (1) with respect to :
d32 18 0
d
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16
9

8 d 16 5At 5, ,   
3 d 3( 8)

2 5
3

x
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−
=
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=

 

1

Using chain rule
d d d
d d d

dGiven that 2 cm s ,
d

2 5 d2
3 d

d 3  
d 5

8 3At 5, , its rate of  increase is  cm/s.
3 5

y y x
t x t

y
t

x
t

x
t

−

= ×

=

= ×

=

 − 
 

 

 

 

 

 

 



o

S
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u

Differentiate (1) with respect to :
d d32 18 0 .................... ... (2)
d d

8 d 5,  and 2into (2).
3 d

d 832 5 18 (2) 0
d 3

d 3
d 5

8At 5, , its rate

bstitutin

 

g

3

t
x yx y
t t

yx y
t

x
t

x
t

+ =

= = − =

 + − = 
 

=

 − 
 

Alternative Method

3f  increase is  cm/s.
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2
Solution

 

2 2

1 1 1Given .................. (1)
20

Differentiate (1) with respect to 
1 d 1 d 0 .................. (2)

d d

Substituting 60 into (2)
1 1 1
60 20
1 1 1

20 60
1 1

30
30

u v
t

u v
t tu v

u

v

v

v
v

+ =

− − =

=

+ =

= −

=

=

 

2 2

dSubstituting 30 and 2 into (2).
d

1 1 d( 2) 0
d(60) (30)

1 1 d 0
1800 900 d

d 900
d 1800

1
2

1 the rate of increase of  when 60 units  is  units/s.
2

uv
t

v
t
v
t
v
t

v u v

= = −

− − =

− =

=

=

∴ =

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3
Solution

 

2 2

1
2

2 3

3
2

1 1Let ( ) 1  be 1

Differentiate  with respect to 

d 1 1 21
d 2

1 ............................. (1)
11

A x A
x x

A x

A
x x x

x
x

−

= + = +

   = + −   
   

= −
+

 

3
2

3

Given that when ,  the rate of decrease of  is  times the rate of increase of ,
d di.e. 
d d

d d
d d
d ............................. (2)
d

1
11

When 

1

1

Substitute (1) into (2)

x k A k x
A xk
t t

A xk
t t
A k
x

k
x

x
x k

k

=

= −

∴ = −

= −

− = −
+

=

−

2

2

4 2

1

1
1

1 1

From GC, since 0,  0.905 (3 s.f.)

k

k

k
k k

k k

k k

= −
+

=
+

+ =

> =

 

 

 



Exercise 9 

         A Rate of change relating to Cartesian Equations    

4
Solution

 

Given (cos 2 2cos ) ................... (1)
3and sin  ................................... (2)
2

Differentiate (1) with respect to 
d ( 2sin 2 2sin )
d

Differentiate (2) with respect to 
d 3
d 2

x p

y p

x p

y p

θ θ
θ

θ

θ θ
θ

θ

θ

= −

=

= − +

=

(a)

3cos
2
θ

 

d
d
d
d

Using the Chain Rule, 

d
d

3 3cos
2 2

( 2sin 2 2sin )

33cos
2

4(sin 2 sin )

y
t
x
t

y
x

p

p

θ

θ θ

θ

θ θ

=

=
− +

= −
−

 

2

When ,  

(cos2 2cos )

cos2 2cos 1 0

2cos 2cos 0

cos (cos 1) 0

cos 0  or  cos 1

   =    or   0   or   2   [rejected since 0 ]

substitute  into (

2

1).x p x p

p p θ θ

θ θ

θ θ

θ θ

θ θ

πθ θ π θ π

= − = −

− = −

− + =

− =

− =

= =

∴ = < <

 

When ,
2

33cos
d 2 2
d 4 sin 2 sin

2 2

3 2
8

y
x

πθ

π

π π

=

 
 
 = −

   −    

= −

 

d ( 2sin 2 2sin )
d

2

x p

p

θ θ
θ
= − +

=
 

 



     

Using the Chain Rule, 

d d d
d d d

2
3

2
3

x x
t t

p

p

θ
θ

π

π

= ×

= ×

=

 

         

d d d
d d d

3 2 2
8 3

2
4

2   changes at a rate of   unit per second.
4

y y x
t x t

p

p

y p

π

π

π

= ×

= − ×

= −

∴ −

 

 

Using the Chain Rule, 

d d d
d d d

33cos d d2
4(sin 2 sin ) d d

dGiven 1.5 and when 1, 
d

33cos d2 1.5
4(sin 2 sin1) d

d 14sin
d 2

y y t
x t x

y t
t x

y
t

t
x

x
t

θ

θ θ

θ

= ×

− = ×
−

= − =

− = − ×
−

=

(b)

 

Now differentiate ( ) with respect to 

d d d( )
d d d

14sin 1.5
2

0.4177021544

  changes at a rate of  0.4177 unit per second.

x y t

x yx y
t t t

x y

+

+ = +

= −

=

∴ +

 

 

 

 

 

 

 



5
Solution

 

3

3

2

Given sin  .................................... (1)
and cos  ................................... (2)

Differentiate (1) with respect to 
d 3 sin cos
d

Differentiate (2) with respect to 
d
d

x a
y a

x a

y

θ

θ

θ

θ θ
θ

θ

θ

=

=

=

=

(a)

23 cos sina θ θ−

 

2

2

d d d
d d d

3 cos sin
3 sin cos

cot

y y
x x

a
a

θ
θ

θ θ
θ θ

θ

= ×

−
=

= −

 

 

3 3

3 3

3 3

2 2

Equation of  tangent at the point :
cos cot ( sin )

coscos ( sin )
sin

sin cos sin cos cos sin

sin cos sin cos (sin cos )

sin cos sin cos   ....................

P
y a x a

y a x a

y x a a

y x a

y x a

θ θ θ

θθ θ
θ

θ θ θ θ θ θ

θ θ θ θ θ θ

θ θ θ θ

− = − −

− = − −

+ = +

+ = +

+ =

(b)

............. (1)

 the equation of tangent to the curve at the point  is sin cos sin cos .  (Shown)P y x aθ θ θ θ∴ + =

 

 

)

Subs i

Whe

u

n th

 

e tan

0

gent a

n

t the p

(

oint  meets the -axis, i.e. 0.

(0)sin cos sin cos

sin
 

t t te  i to 1).

 ( sin , 0

P x y

x a

x a
L

y

a

θ θ θ θ

θ
θ

=

+ =

=
∴

=

=

(c)

 

)

Subst

W

itu

h
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a

 

hen t e t ngent at the point

o

o

0 

s

i

x

n

s

t

  meets the -a i , i.e. 0.

in (0)cos sin c s

sin
 (0, cos

 (1).x

P y x

y a

y a
M a

θ θ θ θ

θ
θ

=

+ =

=
∴ =

=

 

2 2 2 2

2 2 2

sin cos

(sin cos )

  is dependent of .  (Shown)

LM a a

a
a

LM a

θ θ

θ θ

= +

= +

=

∴

 



3

3

3

2 2

Let 

sin
cos

tan
d 3tan sec
d

xz
y

a
a

z

θ
θ

θ

θ θ
θ

=

=

=

=

(c)

 

 

1

2 2

Using the Chain Rule, 

d d d
d d d

dWhen  and given that rate of increase in  is 0.05 radian s ,  i.e. 0.05
6 d

3tan sec 0.05
6 6

0.0667

The rate at which  is changing when  is 0.066
6

z z
t t

t

x
y

θ
θ
π θθ θ

π π

πθ

−

= ×

= =

 = × 
 
=

= 17 radians s−

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



6
Solution

 

(a)  

                      

Learning Point :
As 0,  ln(cos ) 0,  ln(sin )

As ,  ln(cos ) ,  ln(sin ) 0
2

x y

x y

θ θ θ
πθ θ θ

→ = − → = → −∞

→ = − → +∞ = →

 

 

1Given ln
cos

ln(cos ) ..................................... (1)

and ln(sin ) ........................................ (2)

Differentiate (1) with respect to 
d sin
d cos

Differentiate (2) 

x

y

x

θ
θ

θ

θ
θ

θ θ

 =  
 

= −

=

=

(b)

with respect to 
d cos
d sin

y
θ

θ
θ θ
=

 

2

2

2

Using the Chain Rule, 
d d d
d d d

cos cos
sin sin

cos
sin

cot

y y
x x

θ
θ

θ θ
θ θ

θ
θ

θ

= ×

 =  
 

=

=

 



2

When ,   into (1) and (2)
4 4

From (1):  ln cos
4

1 ln 2
2

From (2): ln sin
4

1 ln(2)
2

dFrom (3): cot
d 4

1
1 the coordinates are ln 2,  1  and the gradient at  is 1.

substit

2

ute

4

 

x

y

y
x

π πθ θ

π

π

π

πθ

= =

 = −  
 

=

 =  
 

= −

=

=

 ∴ = 
 

 

Equation of  tangent at the point where  is
4

1 1ln 2 ln 2
2 2
1 1ln 2 ln 2
2 2

ln 2

y x

y x

y x

πθ =

 − − = − 
 

+ = −

= −

 

 

Let  be the area of  triangle 
1 1
2
1 1 ( ln(sin ))
2

1 ln(sin )
2

Differentiate  with respect to .

d 1 cos
d 2 sin

1 cot
2

A OBP

A y

A

A

θ

θ

θ

θ
θ θ

θ

= × ×

= × × −

= −

 = −  
 

= −

(c)

 



     

2

Using the Chain Rule, 

d d d
d d d

1 cot 2
2
cot

When =
3

cosd 3
d sin

3
1 3
2 2
1  units /s
3

A A
t t

A
t

θ
θ

θ

θ

πθ

π

π

= ×

= − ×

= −

 
 

= − 
  
 

= − ÷

= −

 

2

d
 given 2

d

Rate of  change of  area 
d
d
d d
d d

1 cos 2     
2 sin

cot

When =
3

cosd 3
d sin

3
1 3
2 2
1  units /s
3

The rate of the area of triangle  is decreasing wh

t

A
A
t
A

t

A
t

OBP

θ

θ
θ

θ
θ

θ
πθ

π

π

=

=

= ×

  = − ×    
= −

 
 

= − 
  
 

= − ÷

= −



21en  is  units /s.
3 3
πθ =  

 

 

 

 



Exercise 9 

 C Applications    

7
Solution

 

2

t

Let the height and the radius of  the cylinder,  be  and  respectively.

 ......................... (1)
Given that the height of  a cylinder is twice the radius, i. e. 2 ............... 2

Subs

. ( )

V h x

V x h
h x

π=
=

2

3

(2) into (1)
(2 )

2 .......................... (3)

itute 
V x x

x
π

π

=

=

 

2

2

Differentiating  respect to 

d 6  
d

When 2,   2 into (3)
d 6 (2)
d

24
dGiven  is increasing at a rate of  0.1 cm/s, i.e. 0.1

substit

d

ute

V x

V x
x

x x
V
x

xx
t

π

π

π

=

= =

=

=

=

 

3

Using the chain rule,
d d d
d d d

24 0.1
2.4

  the rate of  change of  volume is 2.4  cm /s.

V V x
t x t

π
π

π

= ×

= ×
=

∴

 

 

 

 

 

 

 

 

 

 

 

 

 



8
Solution

 

formula for circumference of  a circle (diameter of circle)

Let the circumference of  the blot be .

    
Differentiating both sides wrt 

d d
d d

dGiven that 0.25 cm/s,
d

d 0.25
d

0.7854 (4 d.

C

C D
t

C D
t t

D
t

C
t

ππ

π

π

= ×=

=

=

∴ =

=



p.)

  the rate of  change of  the circumference of the blot is 0.7854 cm/s.∴

 

 

2 ,   where  is the radius

d d2
d d

dGiven that 0.25 
d

d 1 (0.25)
d 2

0.125

D r r

D r
t t

D
t

r
t

=

=

=

=

=

 

2

2

2

Let the area of  the blot be .

Differentiating both sides wrt ,
d d2
d d

When 1.5 cm,
d 2 (1.5)(0.125)
d

1.1781 cm /s   (4 d.p.)

  the rate of  the area of the blot is 1.1781 cm /s.

C

A r
t

A rr
t t

r
A
t

π

π

π

=

=

=

=

=

∴

 

 

 

 

 

 

 

 

 



9
Solution

 

3

2

  Let the radius and the volume of  a spherical balloon be  and  respectively.

4  ........................ (1)
3

      Differentiate  with respect to 

d 4
d

r V

V r

V r

V r
r

π

π

=

=

(a)

 

   

3

2

2

2

2

dAir is being blown into a spherical balloon at a constant rate of  12 cm  per minute, 12.
d

Using the Chain Rule, 
d d d
d d d

1 12
4
12

4
3

At 5
d 3
d (5)

3
25
0.0382

 the rate at which t

V
t

r r V
t V t

r

r

r
r

r
t

π

π

π

π

π

=

= ×

= ×

=

=

=

=

=

=

∴ he radius of  the balloon is changing when the radius is 5 cm is 0.0382 cm/min.

 

 

2

2

2

 subs
d 3

 it n
d

ti ute 

Let the radius and the area of  a spherical balloon be  and  respectively.
4

       Differentiate  with respect to 
d 8
d
d d d     
d d d

3(8 )

24  ....

r
t r

r A
A r

V r
A r
r
A A r
t r t

r
r

r

π

π

π

π
π

=

=

=

= ×

= ×

=

(a)

(b)  



....................... (2)

 



3

3

3

3

3

Given that air is blown into spherical balloon at a constant rate of  12 cm  per minute
In 10 min, the 

Substitute 1

n

m

20 into

l

 (1)

volu e of  the bal oon 12 10 1

i

20 cm .

4 1

.

t

20
3

9

Subst ut

0

i 9e 0  

V

r

r

V

rπ

π

π

= × =

=

=

=

=

3

to (2).

dAt 10 minutes,  24
d 90

7.84 cm/min

       the rate at which the surface area of  the balloon is changing after 10 minutes is 7.84 cm/min.

A
t

π
=

=

∴

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



10
Solution

        

Let  be the height of the cylinder.

16  ....................... (1)
Differentiating (1) respect to 

d d16  ..................... (2)
d d

 Given when 4,  area of the cross-section is increasing at

h

h x
t

h x
t t

x

=

=

=

(a)

2 d a rate of 0.02 cm /s, i.e. 0.02.
d

d 0.02 into (2)
d

d 16(0.02)
d

0.32 cm/s

 the rate of increase of the height of  the cylinder when 4 is 0.32 cm/s.

Substitute 

x
t

x
t

h
t

x

=

=

=

=

∴ =

 

 

2

(Area of cross-section) height

(16 )

16
      Differentiating  respect to 

d 32
d

V

x x

x
V x

V x
x

= ×

= ×

=

=

(b)

 

     

Using the Chain Rule, 
d d d
d d d

32 0.02

0.64

V V x
t x t

x

x

= ×

= ×

=

 

3

When 4,
d 32(4)(0.02)
d

2.56

 the rate of increase of the volume of  the cylinder when 4 is 2.56 cm /s

x
V
t

x

=

=

=

∴ =

 

 

 

 

 

 

 

 



 

2

2

2

      When 5,  

5

5

d 2
d

d 5       Given 0.02 cm /s when 4 and 
d

x r

x

r

r

x r
r

x x r
t

π

π

π

π

π

=

=

=

=

=

= = =

(c)

 

    

Using the Chain Rule, 
d d d
d d d

5 d0.02 2
d

d 0.00252
d

 the rate of increase of the radius of  the cylinder when 4 is 0.00252 cm /s

x x r
t r t

r
t

r
t

x

π
π

= ×

 
= ×  

 

=

∴ =

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

11
Solution

 

2

Let  be the area of the triangle.
Given that the triangle has a fixed area of 100 cm ,  i.e. 100

1 100
2

200

A
A

ab

b
a

=

=

=

(a)

 

 

2 2 2

2
2

2

2

3

By Pythagoras Theorem

200  ................................ (1)

Differentiate both sides with respect to 
d d 2(200) d2 2  ................................ (2)
d d d

When 20, 20

c a b

a
a

t
c a ac a
t t a t

a c

= +

= +

= −

= =

(b)

2
2

2

2

3

1

200
20

500

d 3 into 
d

d 1 2(200)2(20)(3) (

Substitute 20,  500 and i

3)
d 202 500

90
20 5

9  
2 5

9 the  is increasing at rate of   cm s

nto 

5

(2)

2

a
t

c

a

c
t

c

−

+

=

=

 
= − 

 

=

= =

=

∴   

 

2 2 2

2
2

2

1
2 2

2 2 3
2

Pythagoras Theorem

200

d 1 200 (2 200 ( 2 ))
d 2

c a b

c a
a

c a a a
a a

−

−

= +

= +

 
= + + − 

 

Alternative Method

 

1
2 2

2 2
2 3

When 20,
d d d
d d d

1 200 240 200 (3)
2 20 20
2.01

a
c c a
t a t

a
−

=

= ×

   −  = + +    
   

=

 

 

 



12
Solution

 

 tan 0.5 (given)

  Let the depth of water at  minutes be  m.

tan

0.5     

 ......................... (1)
2

t h
r
h
r
h
hr

α

α

=

=

=

=

(a) 



 

     

2

2

3

2

Substitute (

i

1) into (

4

1  ......................... (2)
3

1
3 2

12
Differentiate  w th respect to 

d
d

2)

V r h

h h

h

V h
V h
h

π

π

π

π

=

 =  
 

=

=

 

    

3

2

3

G  iven n 3m o,  substitute i t  (3
13  

2)

3
36

V V

r h

h

π

π

= =

=

=

 

     

2

2

3

2
3

1

3 1

Using the chain rule,
d d d
d d d

4 1
10

2
5

36When ,

d 2 
d 365

= 0.0251 m min

 the rate of  increase of  the depth of  water when the volume of  water is 3 m  is 0.0251 m min .

h h V
t V t

h

h

h

h
t

π

π

π

π
π

−

−

= ×

= ×

=

=

=
 
 
 

∴

 

 

 

 

 



2

Let  be the top surface area of  the water in the container.
4  ......................... (3)

A
A rπ=

(b) 
 

       

2

2

3

3

4
2

Differentiate  with respect to 
d d2
d d

36 dWhen  and 0.0251,
d

d 362 (0.0251)
d

0.355  

 the rate of  the top surface area of  the water in t

Substitute (1) into (3)

hA

h
A t

A hh
t t

hh
t

A
t

π

π

π

π

π
π

 =  
 

=

=

= =

 
=   

 
=

∴ 1he container changes at this instant is 0.355 m min .−

 

        

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



13
Solution

 

Refer to the diagram.  

                                                     

Let  be the diameter of  the top of  the cylindrical part of  container with  as the centre and let 
be the diameter of  the lid with  as the centre. The lines  and  are extended to meet at  as 

BC O ED
P BE CD A shown in the diagram. 

The points , , ,  and  lie in the same plane and  and  form two right cones.A B C D E ABC AED

 

Let 3 cm, 1.5 cm.OB PE= =  

2 2

.

B 2.5 cm. H r ence y T iangle Midpoint 5 cm

Use pythagoras theorem,  
 4 c

Theorem, 

m

BE EA BA

OA BA OB
OA

= = =

= −
∴ =

 

Let  be the radius of  the liquid surface, and  be the vertical distance from the liquid surface to .
3Using similar triangles, 
4
3
4

r k A
r
k

r k

=

=

 

2 2

2 3

2

1 1Volume of  liquid above level , (3 )(4)  ......................... (1)
3 3

3  inSubstitute 

Di

n m

fferent

l

iate

o

  

e

w
3

i

(

t

l

h

(

 

)

r

3

e
6

s

i

p

 

e

t

c

 

t

s

 

 

t

1

o

 

 

( )
4

1 3 ) 4
1

d 9
d 16
Whe  the liqu d ev l i c

V

BC V r k

r k

V k

V k
k

k

π π

π π

π

= −

=

= −

= −

2

 from the lid of  the container, 3
d 9  (3)
d 16

k
V
k

π

=

∴ = −

    

2

Using chain rule, 
d d d
d d d

1690
9 (3)

160
9

160 160Since  is decreasing at  cm/s, it follows that the liquid level in the can is increasing at  cm/s when it is 1 cm from the top of  the
9 9

k V k
t t V

k

π
π

= ×

 
= × − 

 

= −

 container.
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Solution

 

Let the depth of  the water be  and the radius of  the water level at that point be .h R  

                      

  

Using similiar triangle,
15

15 5
15  .......................... (1)

3

h R

hR

−
=

−
=

 

2 2

2
2

2 3

Substit

t

L

ute (1)

o

 int

 

o 

r

(2

n

)

et  be the v lume of wate  i  the cone
1 1(5) (15) (15 ) ........................ (2)
3 3

1 1 15(5) (15) (15 )
3 3 3

1 1(5) (15 )
3 27

Differentiate  with respec

V

V R h

hV h

h

V

π π

π π

π π

= − −

− = − − 
 

= − −

2

2

 to 
d 3 (15 ) ( 1)
d 27

(15 )
9

h
V h
h

h

π

π

= − − −

−
=

   

3 1 3 1

2

2

dGiven that liquid is leaking at a rate of  10 cm s ,  cm s .
d

Using the Chain Rule, 
d d d
d d d

(15 ) 1
9 16

144 (15 )
12 5

5 12         or   5 12
7 (Rejected, 0)    1

V
t

V V h
t h t

h

h
h

h h
h h h

π

ππ

− −= −

= ×

−  − = × − 
 

= −
± = −
− = − = −

= − > = 7

 the depth of  liquid is 17 cm.∴
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Solution

 

Using similiar triangle,
2 3 2

4

2
4

2  ...................... (1)   (Shown)
4

r
h

hr

hr

− −
=

− =

= +

(a)  

 

2 2
1 2 1 2

1 2

2 2

2

1Using the volume of a frust

)

um, ( )
3

2 and 
1 volume of  water, (2 2 )  .......

i

e

....

2

Subst tute 

Substitut  (1) into (2

........... (2)
3

1 4 2 2
3 4 4

V r r r r

r r r

V r r h

h hV

π

π

π

= + +

= =

∴ = + +

    = + + + +         

(b)

2

3 2

1 4 4 4
3 16 2

1 3 12
3 16 2

h

h hh h

h h h

π

π

 
= + + + + + 

 

 
= + + 

 

  

      

2

3

2

Differentiate  with respect to 

d 1 3 3 12
d 3 16

dGiven that water is poured at a rate of  9 m  per minute into an open container, i.e. 9.
d

Using the Chain Rule,
d d d
d d d

1 39 3 1
3 16

V h

V h h
h

V
t

V V h
t h t

h h

π

π

 
= + + 

 

=

= ×

= + +

2

1

d2
d

When 1,

1 3(1) d9 3(1) 12
3 16 d
81 d9
16 d

d 16
d 9

16  the rate of  increase of  the depth of  water is  m min .
9

h
t

h

h
t

h
t

h
t

π

π

π

π
−

 
× 

 
=

 
= + + × 

 

= ×

=

∴
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Solution

  

2
2

2

Use Pythagoras' Theorem

1Height of  triangle
2

3
4
3

2

x x

x

x

 = −  
 

=

=

(a)

 

     

( )( )

make  as a subject 

Length of square card side 2 2(height of  triangle)

32 2     
2

1 1 3 (Shown)
2

y

x y

a x y x

y a x

= + +

 
= + +   

 

= − +

  

 

      

2 2

2

3 1Height of  pyramid
2 2

1
2

1
2

x x

x

x

   = −       

=

=

 

 

( )( )

( )

2 2

2 2

2 3 3

2 3

Volume cuboid volume of pyramid
1 1
3 2

1 1 11 3
2 3 2

1 1 11 3
2 2 3 2

1 1 1 3     .............................. (1)
2 2 23 2

    the volume of the container 

V

x y x x

x a x x x

ax x x

ax x

= +

 = +  
 

  = − + +      

= − + +

 
= + − −  

 

∴ 2 31 1 1 3is   m
2 2 23 2

ax x
 

+ − −  
 

 

 

 

 

 

 



2

2

 

d 1 1 3         3
d 2 23 2

dAt stationary, 0
d
1 1 3i.e. 3 0

2 23 2

1 3 3 0
23 2

1 3 3      or     0  (Rejecte

t

23

Differentiate (1) with res o

2

pec  t  

V ax x

x

x

V
x

ax x

x a x

x a x

 
= + − −  

 

=

 
+ − − =  
 

  
+ − =      

 
− = − =  

 

(b)

d,  0)

=
3 13

2 3 2

6 2
3 136 2

2 3 2

2 2
3 6 2

2 2     the maximum value of  is .
3 6 2

x

ax

ax

a

ax

>

 
−  

 

=
 

−  
 

=
−

∴
−

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

1

1

1

Let  be side of the small square base pyramid
Refer to the diagram on the right.
By using similar triangles,

1
2 2

2  .................... (1)
2

x

x h
x x

x h

=

=

(c)

 

1
2

1

1

2
1

(

Let  be the volume of  sand.
Since it is a small square base pyramid, its base area is (2 ) .

1 (square base pyramid) (level of sand)
3
1 (2 )  ........................... (2)

oSubstitute (1  
3

) int

V
x

V

x h

= × ×

=

2

1

3
1

1

21

2)

Different

2

iate 

1 2
3 2

2
3

 with respect to 
d 2
d

V h

V h

V h
V h
h

  
=       

=

=

  

     

1 1

1

3 1

2

2

2

Using chain rule,
d dd

d d d
dGiven that sand is poured into the container at a constant rate of  0.1 cm /min, i.e. 0.1
d

d 1(0.1)
d 2

1(0.1)
2(0.05 )

20

The rate of  increase of  t

V hh
t t V

V
t

h
t h

a

a

= ×

=

 =  
 
 

=  
 

=

2

20he sand level when 0.05  is   m/mins.h a
a

=

 

 

 

 

 

 

 



 

17
Solution

 

2 2 2

2 2

Use Pythagoras' Theorem

 .......................... (1)

r h R

h R r

+ =

= −

(a)
 

( )

2

2 2 2

2
2 2 2 2

2 4 2 2

 square both sides

Substitute 

2 volume of two cones 
12  .............................. (2)
3

2    
3

2
3

4 (Shown) ...................... (3)

(1) into 

9

(2)

V

r h

V r R r

V r R r

r R r

π

π

π

π

= ×

= ×

= −

 = − 
 

= −

  

2 3 2 2 4

2 3 2 5 5

2 3 2 5

Differentiate (3) with respect to  
d 42 4 ( ) ( 2 )
d 9

4 4 4 2
9
4 4 6   ........................ (4) 
9

x
VV r R r r r
r

r R r r

r R r

π

π

π

 = − + − 

 = − − 

 = − 

(b)

 

2 3 2 5

3 2 5

3 2 2

2 2 3

2
2

2

2

dAt stationary, 0
d

4 4 6 0
9

4 6 0

(4 6 ) 0
4 6 0 or 0

2 or 0    (rejected   0)
3

2
3

2Since 0,  is rejected
3

2    ..................... (5)
3

V
r

r R r

r R r

r R r
R r r

Rr r r

Rr

Rr r

r R

π

=

 − = 

− =

− =

− = =

= = ≠

= ±

> = −

∴ =



 

 

 

 

 



 

2 3 2 5

2 3 2 5

22
2 2 2 4

2

d 4From (4): 2 4 6
d 9
d 2 4 6
d 9

Differentiate implicitly with respect to ,

d d 2 12 30
d d 9

VV r R r
r
VV r R r
r

r

V VV r R r
r r

π

π

π

 = − 

 = − 

   + = −    

 

22
2 2 2 2

2

2
2 4 4

2

2 4

S

.

2 d and 0
3 d

d 2 2 212 30
d 9 3 3

d 2

7

ubs

408
d 9 3

32 0 (max)
2

2Thus,  is maximum when 
3

titute Vr R
r

VV R R R
r

V R R
r

R
V

V r R

π

π

π

= =

    = −    
     

 = −  

= − <

=

 

 

2 2

2 2

2

Substitute (

)

5) into (
From (1): 

2
3

3

 ................ (6
3

1)
h R r

h R R

R

R

= −

= −

=

=

(c)

 

2
3

3

2
  replace  by  from (5) and replace  by  from (6)

3 3

Refer to the triangle in the dagram

tan

tan  

2    (Shown)

R

R
R

r R h

r
h

θ

θ

=

=

=



 

 

 

 

 

 

 

 



 

2

2

3

2

  obtain answer in

substitute 
2

From the diagram. 

tan   

2

2
Let the volume of the sand flowing out be .

1
3
1     
3 2

3 2

d
d 2

Differentiate  with respect to  

s

s

s

s

x
y

x
y
x
y

xy

V

V x y

xx

x

V
V x

x

x

θ

π

π

π

π

=

=

=

=

=

 
=  

 

=

=

 (c)

(a)





 

3

2

2

2

Given that volume of a rate

r

 of  0.5 cm  per second,

Using Chain Rule,
d d d
d d d

d
sand flows out at 0.5.

d
d0.5
d2

d 0.5 2
d

When 2 

0

 i.e

cm,

d .5 2
d (2 )

0.0562697698

0 0

.

. 563 (co

 

s s

s

V V x
t x t

V
t

x x
t

x
t x

x

x
t

π

π

π

= ×

= −

∴ − = ×

−
=

=

−
=

= −

= − rect to 3 s.f.)

rate of  decrease of  radius of  sand surface is 0.0563 cm/s.The 
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Solution

 

3

3

2

2

2

Given that 
 volume of  a container

2
3

2
3

2 ............................(1)

the container holds  cm  of liquid when full

3

,
k

r r h k

krh r

h

k

r
k r
r

π π

π π

π

∴ =

+ =

= −

= −

(a)

 

2 2

2

2
2

2 2

2

Let the cost of  a can be 
6(2 ) 9(2 ) 9( )
21 18  .......................

2
Substi

1

tute
..... (2)

2 18
3

1821 1

(

2

2

18=

 1) into ( )

9

C
C r rh r

r rh

kC r r r
r

kr r
r
kr

r

π π π

π π

π π
π

π π

π

= + +

= +

 = + − 
 

= + −

+

 

2

2

2

3

3

Differentiate  with respect to 
d 18   18
d

dAt stationary, 0.
d

1818 0

1818

x
C kr
r r

C
r

kr
r

kr
r
kr

kr

C

π

π

π

π

π

= −

=

− =

=

=

=

 

3

3
2

3

3 3 3

3 3

When ,

2
3

2 1
3 3

1The cheapest can is manufactured when  and .
3

kr

k kh
k

k k k

k kr h

π

π
π

π

π π π

π π

=

 
= −      

  
 

   
= − =      

   
 

= =   
 

 



2

2 3

3

2

2

3

dDifferentiate  with respect to 
d

d 3618
d

When

  and  ar .e m i

 

d 5

in mu

4

m

0

 

d

r

C x
r

C k
r r

kr

C
r

krh

π

π

π

π

= +

=

= >

∴ =

 

2 3Volume of water in the container till cylindrical section (5)  m
Given that water is poured into the container till cylindrical section at the rate of  litres per second. 
At 72 seconds,  the amou

mπ=(b)


3

3

3 2 3

nt of water in the container till cylindrical section 72  litres
1000 litres 1 m

72 72  litres  m
1000

72Equating,  m (5)  m
1000

9
3125

m

m

π

=

=

∴ =

=

=











 

2

2

2

2

d
d

2
        When 0, 0, 0

2
        When 72 ,

72
2

144
12 seconds  (  0)

V t
t

tV C

t V C
tV

V
t

t
t t

=

= +

= = =

=

=

=

=
= >

(c) 













 

32Volume of  hemisphere (5 )
3
250                                            
3

261.80

After 150 seconds, volume of  water leaked 150(2) 300 262.80
 after 150 second, the amount of water is in the cyl

π

π

=

=

=

= = >
∴

(d)

inder. Hence we only consider the rate of  change of  the height of  water in 
the cylinder.

 

2

2

Let  be the height in cm of  the water in the cylinder.

When 5
(5)

25  ................................ (1)

H
V r H

r
V H

H

π

π
π

=
=

=
=

 



Differentiating (1) with respect to 
d 25
d

H
V
H

π=
 

3

Using the Chain Rule, 
d d d
d d d

dWater leaks from the container at a constant rate of 2 cm  per second, i.e. 2
d

d dWhen 25  and 2
d d

d2 25
d

d 2
d 25

The height of  the water in the con

V V H
t H t

V
t

V V
H t

H
t

H
t

π

π

π

= ×

= −

= = −

∴ − = ×

= −

2tainer is decreasing at  cm per second, 150 seconds after the start of  leaking.
25π
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Solution

     

2

2

2

intensity of the light, ,  is inversely proportional to the square distance from the light source to a point,
1i.e.  

sin

sin  ......................... (1)

Pythagoras th

Given that 

Using 

I

I
x

I
x

Ix

θ

θ

∝

∴ =

=

(a)

2 2 2

2 2 2

2 2

2 2

eorem,

trigonometric raUsing 

sin

sin )

tio,

 ......................... (2

OP
OA

x R

R

PA OA OP
x R OP

O

x

P x

θ

θ

= +

= +

= −

=

−
=

 

2
2

2

2 2

3

(1)

 

 )

S

   (Sh

 

own)

ubstitute  into (2).

 ............................. (3

Ix x R
x

x RI
x

−
=

−
=

 

( )

( )

2 2

2

2

3
2 2

3
2 2

Pythagoras theorem,
 ............................. (4)

Substitute  into (3).

 ...............

Let  denote the vertical height of  the light source from the ground.

Using 
 

(4)

 

x

h

hI
h R

h

h R

R h+∴

=
+

=
+

=

(b)

.............. (5)

 

( ) ( )
( )

( )
( )

( )

3 1
2 2 2 22 2

32 2

2 2 2

5
2 2 2

2 2

5
2 2 2

use quotien u< t r le

        Differentiate (5) t

3(1) (

p

2 )( )

e

d 2    
d

 with t

3

 res

2

c  o 

h R h R h hI
h h R

h R h

h R

R h

h R

h

+ − +
=

+

+
=

+

−
=

+

  



2 2

dAt stationary, 0.
d

 2 0

2

I
h

R h
Rh

=

∴ − =

=

 

2Hence, the light must be  m above the centre of  the circular area.
2

R  

Use first derivative test to check if   is maximum:I  

                      

2Hence,  is maximum when  is  m.
2

I h R  

1

2 2

5
2 2 2

2 2

5
2 2 2

2 2

5
2 2 2

2

Using the Chain Rule, 
d d d
d d d

dGiven the light source is raised up at a constant speed of  0.5 ms ,  i.e. 0.5
d

d 2 0.5
d

( )

2

2( )

When ,
d 2 
d

2( )

2(2

I I h
t h t

h
t

I R h
t

h R

R h

h R

h R
I R R
t

R R
R

−

= ×

=

−
= ×

+

−
=

+

=

−
=

+

−
=

(c)

5
2 2

2

5
52

3

3

)

2 2

1
8 2

 The rate of  change of  the intensity of  light at the circumference of  the circular area when the light source is  m above 
1the centre of  the circular disc is  metres p

8 2

R
R

R

R

R

R

−
=

 
 
 
−

=

er second.
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Solution

 

2

2

2

3

Volume of the tank
volume of the tank is fixed at 36000 cm

......................... (1)

2
Given that ,

2 36000

18000

x y

x y

y
x

∴ =

=

=(a)

 

2

2
2

2

Let  be the total surface area of the tank
.............................. (2)6 2

(1)

1800

.

Substitute  into (2).

.......... .............. (3)

06 2

108000 2

A xy x
A

x x
x

x
x

= +

 = + 
 

= +

 

2

2

3

2

d 108000 4  
d

dAt stationary, 0
d

108000 4

108000
4

30
30

18000 
30

20

Differentiate (3) with respect to 

..................... (4)

Substitute  into (1).

A x

x

x x
A
x

x
x

x

x
x

y

= − +

=

∴ =

=

=
=

=

=

 

2

2 3

2

2
30

d 216000 4 
d
When 30,

d 12 0 
d
  minimum value of   occurs at 30.

Therefore, the values of   and  are 30 cm and 20 cm respectively.

Differentiate (4) with respect to 

x

A
x x

x

A
x

A x
x

x

y

=

= +

=

= >

∴ =

 

 

 

 

 



similar triangles.

......................... (5)

Refer to the diagram.
 and  are 

20 
5 20

20  
4

VAB VCD
CD VC
AB VA

r h

hr

∆ ∆

=

−
=

−
∴ =

(b)

 

2

2

3

3

submerged in the tank

......................... (6)

Substitute 

8

Volume of  cone

n

 
1 1(5) (20) (20 ) 
3 3

500 1 20 (20 )
3 3 4

500 1 (20 )
3 48

000 (20 )

(

4

5) i to

8

 (6).

r h

h h

h

h

π π

π π

π π

π

= − −

− = − − 
 

= − −

 = − − 

(b)

 

3

3

Therefore, 30 60 8000 (20 )
48

1800 8000 (20 )
48

Differentiate  with respect to V x

V h h

h h

π

π

 = × × − − − 

 = − − −   

              

2

2

d 1800 3(20 )
d 48

1800 (20 )
16

         When 10, 
d 1800 (100)
d 16

V h
h

h

h
V
h

π

π

π

 = − − 

= − −

=

= −

 

 

            

Using chain rule
d d d
d d d

dGiven that 1000,
d

d 1 1000
d 1800 (100)

16
d 0.562  (correct to 3 s.f.) 
d

The rate of  increase of  water level is 0.562 cm/s.

h h V
t V t

V
t

h
t

x
t

π

= ×

=

= ×
−

=
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Solution

 

o o

o
o

o o
o

 use addition formulae

Using sine rule,

sin(120 ) sin 60

sin(120 )     
sin 60

sin120 cos cos120 sin
sin 60

2 3 1cos sin
2 23

1        cos sin      (Shown) .....
3

x L

Lx

L

L

x L

θ

θ

θ θ

θ θ

θ θ

=
−

 = − 

 = − 

 
= +  

 

 
∴ = + 

 

(a)   



................. (1)

 

 

o

o o

o

o o

Let  be time in seconds.
When = 90 ,

1cos90 sin90
3

3

When = 30 ,
1cos30 sin30
3

3 1
2 2 3

2
3

t

x L

L

x L

L

L

θ

θ

 = + 
 

=

 = + 
 
 

= +  
 

=

(b)

 

d (final ) (initial )Given that  increases at a constant rate, i.e.   .
d time taken

2
d 3 3 
d 60

60 3

x x xx
t

L L
x
t

L

−
=

 − 
 ∴ =

=

 

Differentiate (1) with respect to 
d 1sin cos
d 3

x L

θ

θ θ
θ

 = − + 
 

 

 

 

 

 

 



o

o o

Using Chain Rule
d d d  ..................... (2)
d d d

d d 1 and sin cos  into (2)
d d60 3 3

1 dsin cos
d60 3 3

When = 60 ,

1 dsin 60 cos 60
d60 3 3

1 3 1 1

Substitute

0

 

26 3 3

x x
t t

x L x L
t

L L
t

L L
t

θ
θ

θ θ
θ

θθ θ

θ

θ

= ×

 
= = − + 

 

 
= − + × 

 

 
= − + × 

 

= − + ×

1

1

d
2 d

1 3 1 d
d60 3 2 3

d 1  rad s  
d 60

1The rate of change of  at 60  is  rad s .
60

t

t

t

θ

θ

θ

θ θ

−

−

 
×  

 

− + 
= × 
 

= −

= °
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



At initial, i.e. when 0 where 90 ,
1the distance from  to , cos90 sin90
3

3
Given that 

at 1 second,  

n

m

t

ov

 

es 

a

 cm.
60

the rod starts to roll at a consta r te for 60 seconds, i.e.

t

 

3

A  

t

O P x L

L

LP

t

θ= = °

 = ° + ° 
 

=

(c)

 seconds (0 60),   moves  cm.
60 3

 the distance from  the position of   at  seconds, 
3 60 3

Lt P t

L LO P t OP t

≤ ≤

∴ = +

 

o

 is decreasing at a constant rate from 90  to 30  in one minute (60 seconds)
 at 

Given that 
 is decreasing at 1 .

So, for  seconds,  is decreasing at . Angle ' (90
 

)
1 second, 

t t QP O t

θ
θ

θ

°

° = −

∴
°

°  

                             

o o o oo o

o o

complementary angles for trigonom    cos(90 ) sin  ietry ra s and s n(90 ) coo sti
1' cos(90 ) sin(90 )
3

1sin cos
3

t t t tOP L t t

L t t

− = − =
 ∴ = − + − 
 
 = + 
 



 

o o

o
o

Thus,
'

1sin cos
3 3 60 3

cos 1sin  
3 60 3

D OP OP
L LL t t t

t tL t

= −

   = + − +   
   
 −

= + − 
 

 

o
o cos 1sin

3 60 3
Using GC, 

D t tt
L

−
= + −(d)

 

        

The maximum value is 0.1343.  
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Solution

 

At time , 20  

20tan
20

At time ,  

tan
20

Using trigonometric ratio

Using trigonometric ratio

t AQ a

aARQ

t BQ b

bQRB

= −

−
∠ =

=

∠ =

(a)

  

      

tan tanUsing Addition Formulae:  tan( )
1 tan tan

tan tan( )

tan tan
1 tan tan

20
20 20
201

20 20

20(20 )       (Shown) .......................... (1)
400 20

A BA B
A B

ARQ QRB

ARQ QRB
ARQ QRB

a b

a b

a b
b ab

θ

+
+ =

−
= ∠ +∠

+
=

−

−
+

=
−  −  

 

− +
=

− +

 

2

2
2

2 2

2

Given 2  .......................... (2)

20(20 )tan
400 40 2

Differentiate with respect to ,
d 20[(400 40 2 ) ( 40 4 )(20 )]sec
d (400 40 2 )

20(1200 80 2 )
(400

Substitute (2) into (1)
b a

a
a a

a
a a a a

a a a
a a

θ

θθ

=

+
=

− +

− + − − + +
=

− +

− −
=

(b)

2 240 2 )a a− +

 

2

2 2 2

2 2

2

dAt stationary point, 0
d

20(1200 80 2 ) 0
sec (400 40 2 )
cos (1200 80 2 ) 0

Since cos 0 .
2

 1200 80 2 0
Using GC, 

11.6 (3 s.f.) or 51.6 (rejected since 0)

  is maximum whe

a
a a
a a

a a

a a

a a a

θ

θ
θ

πθ θ

θ

=

− −
=

− +

− − =

 ≠ ≠ 
 

∴ − − =

= = − >

∴ n 11.6a =

 

 

 



When 0,  triangle  is an 45 .
45  into (1).

20(20 ) tan45
400 20

20(20 ) 1
400 20

400 20 20 400 20

20    (Shown)
4

isosceles.  
Substit te

0

u  
t PQR

a b
b ab

a b
b ab

a b b ab

ab
a

θ
θ

= = °
= °
− +

= °
− +

− +
=

− +

− + = − +

=
−

∴(c)(i)

  

2

1

From 
20

40
      Differentiate  with respect to 

d 800 d
d d(40 )

Given that  moves at a constant rate of 0.5 ms ,  i.e. for 1 second,  moves at 0.5 m.
At 30,  0.5 30 15 m

Al

ab
a
b t

b a
t ta

A a
t a

−

=
−

=
−

= = × =

(c)(ii)    (c)(i)

2

2

1

1

dso given that 0.5
d

d d 800 d0.5 and 15 into 
d d d(40 )

d 800 (0.5)
d (40 15)

0.64 ms   (correct to 2 dp)

 The speed of  at 30 is 0.64 ms .

Substitute 

a
t

a b aa
t t ta

b
t

B t

−

−

=

= = =
−

∴ =
−

=

=
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Solution

 

2 2 2

2 2

Let  be the vertical height of the 
Pythagoras Theorem,

(4 )

(4 )  ................... (1)

trapezium.
By 

H

H x k

H k x

+ =

= −

(a)

 

2 2

2 2

  Area of trapezium 

)

Subst

1 (2 8 )  .............. (2)   
2

(1) into (2)
1 (2 8 ) (4 )
2
(

itut

(

e 

4 ) 16      Shown

ABCDS x k H

x k k x

x k k x

= +

= + −

= + −



 

 

1
2 2 2 2 2

2 2

2 2

2 2

  Differentiate  with respect to 

d 16 ( 4 ) (16 )
d

d       At stationary, 0.
d

2 4 16       0
16

2 8 0
( 2 )( 4 ) 0

2   or  4    (Rejected since 0)

S x

S k x x k x k x
x

S
x

x kx k
k x

x kx k
x k x k

x k x k x

−
= − − + −

=

− − +
∴ =

−
+ − =

− + =
= = − >

(b)

 

2 2

2 2

2 2

2 2

1
2 2 2 2 2 2 2

2

2 2 2

2 2

2 2

d 2 4 16From (3): 
d 16

2( 2 8 )
16

dDifferentiate  with respect to 
d

116 (2 2 ) ( 2 8 ) (16 ) ( 2 )d 22
d 16

When 2

d 12 62 12
d 12

S x kx k
x k x

x kx k
k x

S x
x

k x x k x kx k k x xS
x k x

x k

S k k
x k

−

− − +
=

−
− + −

=
−

 
− + − + − − − 

= −  
− 

  
=

= − = − < 0

Area of  trapezium is maximum when 2 .x k=

 

 

 



. 

2 2

2

  be the vertical height of th trap

2

eze 

Given 

ium

Given 2 , 2  into (1)

(4 ) (2 )    

12

2 3  .......................... (3)

Using similar triang

substitu

l

t

 

e 

es :

    

2
2

2

H

x k

x k x k

H k k

k

k

h w x
H x
h w k
H k

h k w
H

=

= =

= −

=

=

−
=

−
=

=

(c)





2

22  .......................... (4)

(3) into (4)
22

(2 3 )

2
3

Substitute 

k

h kw k
H

h kw k
k

hk

−

= +

= +

= +  

       
substitute 2

3

sum of its pa

 

e

ralle

n

l s

f

id

e

e

u

s

 (area of trap zium) (le gth o  th  b cket)

1 height of trapezium ( ) 3
2

1 (4 2 ) 3
2

3 2(2 )
2

3 4 2 2
2 3

3 4   
3

h
kw

V

h k w

h k w

hh k k

hh k

= +

∴ = ×

 = × × ×  

 = × × + ×  

= × × +

  
= + +  

  

 
= + 

 



   (Shown)

 

 

Differentiate  with respect to 
d 14 3 3
d 3 3

612
3

When 3 , 
d 18
d

V h
V hk h
h

hk

h k
V k
h

   
= + +   
   

= +

=

=

(d)

 



3

Using Chain Rule, 
d d d
d d d

1 d
18 d

dGiven that the bucket is filled with water at a constant rate of 0.2 m /s, i.e. 0.2.
d

d 1 0.2
d 18

1  m/s
90

The rate at which the depth is increasing at th

h h V
t V t

V
k t

V
t

h
t k

k

= ×

= ×

=

= ×

=

1e instant when the depth is 3 m is  m/s.
90

k
k

 

 

 
 

 



Exercise 9 

Higher Order QuestionsE  

24
Solution

 

Let  and  be the height and base of the right angle triangle formed respectively as shown.h a(a)  

                                    

i
R

g
ef

n
er 

m
to t

t
he ab

c
ove di

t
agram.

U

.

tr o o e ri  ra io,sing 

0.2sin
0 2cos

h
a

θ
θ

=
=

 

  
[ ]

Let  be volume of  the tray 

  Area of  base trapezium length
1 0.2 (0.2 2 ) ( ) 2
2
(0.4 0.4cos )(0.2sin )

0.08(sin sin cos )

0.04(2sin sin 2 )    (Shown) ............................ (1)

V

V

a h

θ θ

θ θ θ

θ θ

∴ = ×

= + + ×

= +

= +

= +

 

Differentiate (1) with respect to 

d 0.04(2cos 2cos2 )
d

0.08(cos cos2 )

dWhen the capacity of  the tray can hold as large as possible, i.e. 0.
d

V

V

θ

θ θ
θ

θ θ

θ

= +

= +

=

(b)

 

2

2

cos cos2 0

cos (2cos 1) 0

2cos cos 1 0

(2cos 1)(cos 1) 0

1cos    or    cos 1   (rejected,  since  is  acute)
2

3

θ θ

θ θ

θ θ

θ θ

θ θ θ

πθ

∴ + =

+ − =

+ − =

− + =

= = −

=

 

 

 

 



2

2

2

2

: 

d 0.08(sin 2sin 2 )
d
Since  is acute, sin 0 and sin 2 0

d 0.08(sin 2sin 2 ) 0
d

Hence  is maximum when = .
3

V

V

V

θ θ
θ

θ θ θ

θ θ
θ

πθ

= − +

> >

∴ = − + <

Method 1  (2nd  Derivative Test)

 

: Method 2  (1st  Derivative Test)  

                    

 
Hence  is maximum when .

3
V πθ =  

 

Let  and  be depth and base respectively of right angle triangle formed with the side wall of the tray.
From the diagram,

tan
4

p b

p
b

p b

π
=

∴ =

(c)

 

 

[ ]

2

since 

Let  be volume of oil when depth is .
(Area of cross-section) height

(Area of trapezium) height

1 0.2 (0.2 2 ) 2
2
(0.4 2 )

0.4 2  ............................ (2)

p

p

b p

V p
V

b p

p p

p p

=

= ×

= ×

= + + ×

= +

= +



 

Differentiate (2) with respect to 

d
0.4 4

d
pV

p
p

θ

= +
 



3

Using the Chain Rule, 
dd d

d d d

d
Given that oil is poured at a constant rate of  0.02 m  into the tray every second, i.e. 0.02 

d
1 0.02 

0.4 4

When 0.1, 

1 0.02
0.4 4(0.1)

1 0.002
0.8
0.0025 m

p

p

p

Vp p
t V t

V
t

p

p

= ×

=

= ×
+

=

= ×
+

= ×

= 1s   (Shown)−
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Solution

 

By similar triangles,
6 21

12
12 72 21

8

h
h

h h
h

+
=

+ =
=

(a)

 

By similar triangles,

 
12

8 
12 8

3 24  ............................... (1)
2

x y h
h

x y

yx

+
=

+
=

+
=

 

2

Volume of the water in the 

( 12)(75) ............................... (2)
2

(1) into (2)
3 24 12 (75)

2 2
225 900     (Shown) ....

gutter, (Area of trapezium) Length of the gutter

Substitut  

4

e

y x

y

V

yV

y y

= +

+ = +

×

 
 

= +

=

........................... (3)

 

3 631
6 222

0

When 0.5,

Amount of  water flows into the 3 10 e d

                                                                              9.3724

gutter for 0.5 hours t

t

t t
 −−  
 

=

= ×

=
∫

(b)

 

2

t

Total amount of  water in the of the water in the 
225     7112.25 9.3724 900

4
                                    

 f

       

gutter o

 

r 0.5 hour

                                5

s Volume gutte

. 06

r

 
8

y y

y =

=

=

∴

+ +

he depth of water the gutter at 0.5 hour is 5.806y =

 

Differentiate (2) with respect to 
d 225 900
d 2

2
225 1800

y
V y
y

y

= +

=
+

 

 

 

 

 



3 63
6 22

Using the Chain Rule, 
d d d
d d d

2 3 10 e
225 1800

When 0.5 and 5.806,
d 0.150437 m/h
d

= 0.150 m/h  (correct to 3 sf)

The rate of change of  at the instant where water is po

t

y y V
t V t

t
y

t y
y
t

y

 −−  
 

= ×

 
= × × + 

= =

=

uring into the gutter for half hour is 0.150 m/h.

 

 

When 6, 7425
When 4, 4500
When 2, 2025

Total time taken for the pumps to drain out the water completely
volume of water in time interval 

(no. of pump) rate of pump water

(Time taken when 4

y V
y V
y V

= =
= =
= =

=
×

=

(c)

6) (Time taken when 2 4) (Time taken when 0 2)

7425 4500 4500 2025 2025  
3 85 2 85 85

49.85 min

y y y≤ < + ≤ < + < <

− −
= + +

× ×

=
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Solution

 

          

2 2

2

Using Pythagoras theorem
1

1   ( 0) ....................... (1)

r h

h r h

+ =

= − >

(a)
 

2

2 2

3
2

2

   apply product rule

L

0

et  be the volume of the con
1  ....................... (2)
3

e

Substitute (1) into (2)

Differentiate

t

  resp

 

e

 

c

 

t

 

 

1

t

m

o

1

 

   
3

d 2 1
d 3 3 1

dA  maximu , 
d

V r h

V r r

r

V

V r
V rr r

r
V
r

π

π

ππ

=

= −

= − −
−

=

    

3
2

2

2 3

2 2

2

2 1 0   
3 3 1

2 1(1 ) 0
3 3

2(1 ) 0
3 2

3  (  0)
2

3 is maximum when .
2

rr r
r

r r r

r r
r

r r

V r

ππ

π π

− − =
−

− − =

− − =

=

= >

=



 

   

 

 

 

 

 

 

 

 

 

 

 



 

2Given 

3

that ,  substitute (1)
3

21
3

1

r

h = −

=

=(b)

 

     

Using similar triangle,
' 0.5

' 0.5

1'
2
1when 
3
1'

2 3

h r
h r
h
h

h h

h

h

=

=

=

=

=

 

 

    

Let ' be depth of   at time  min

2

liquid

h 2   and

utes.

1W e
3

n 
3

 

H h t
x H
r h

xH h
r

r

xH

h

−

=

=

=

=

=

×  

( ) 222

2

2

2

2

     < volume of c
1

for l one mu ae
3

Let the volume of the liquid in the nozzl at time  minutes be 
1 1 0.5 '  
3 3

1 1 1 2 1  
3 3 2 3 2 3

1 1 2 1=
3 2 3 2 3

3

e 

1

r h

t V

V x H r h

V x H

x H

x

ππ π

π π

π

π

== −

   
= −        

     −         

=
3

2

3

3

1  ............................. (3)    (Shown)
2 12 3

d
d 2

1 10.2
3 2 12

Differentiate  with respect to 

Given that the volume of the liquid in the nozzle is 0.2 m ,  substitute 0.2 into (3)

V

x

V

V x

x

x
π

π

=

 
− 

 

=

= −
3

0.69667558x

 
 
 

=   



2

2

liquid is 0.05 0.03 0.02 

u

m³ per minute, i.e. 

Using Chain Rule,
d d d
d d d

dGiven that net inflow of 0.02
d

2 0.02

When 0.69667558

2 (0.02)
(0.69667558)

0.0185

 increases at 0.0185 m per min

x x V
t V t

V
t

x
x

x

π

π

= ×

=

= ×

=

= ×

=

=

∴

−

te

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



27
Solution

 

Refer to the diagram (triangle )

cos

cos

sin

sin

OTQ
OQ
a

OQ a

TQ
a

TQ a

θ

θ

θ

θ

=

=

=

=

(a)   

 

    
Arc length of circle

 

Refer to the diagram (triangle )

a
TP a

PTS

θ
θ

=
∴ =  

   sin ,  cosSP a TS aθ θ θ θ= =  

     
cos sin   (shown)

x OQ SP
a aθ θ θ
= +

= +
 

     
sin cos  (shown)

y TQ TS
a aθ θ θ
= −

= −
 

 the parametric equations are (cos sin ),   (sin cos ),    for 0 .    (Shown)
2

x a y a πθ θ θ θ θ θ∴ = + = − ≤ ≤  

 

Given (cos sin ) ................................ (1)
and (sin cos ) ................................... (2)

Differentiate (1) with respect to 
d sin sin cos
d

cos

Differentiate (2

x a
y a

x a a a

a

θ θ θ
θ θ

θ

θ θ θ θ
θ

θ θ

= +
= −

= − + +

=

(b)

) with respect to 
d cos cos sin
d

sin

y a a a

a

θ

θ θ θ θ
θ

θ θ

= − +

=

 

Using the Chain Rule, 
d sin
d cos

tan  ............................... (3)

y a
x a

θ θ
θ θ
θ

=

=

 



     

When ,   into (1), (2) and (3).
3 3

From (1) cos sin
3 3 3

1 3
2 6

From (2) sin

2

subst

3

it

cos
3 3

3
6

ute 

x a

a

y a

a

π πθ θ

π π π

π

π π π

π

= =

 = + 
 
 

= +  
 

 = − 
 
 

= −  
 

   

     

dFrom (3) tan
d 3

3

1 Gradient of normal
3

y
x

π
=

=

∴ = −

 

     

Equation of normal at  is

3 1 3
2 6 2 63

3 3 33 3
2 6 2 6

33
2 2

3 2       (Shown)

W

a ay a x

a a ay a x

a ay x

y a x

π π

π π

   
− − = − − −      

   

 
− + = − + +  

 

= + −

= −

 

dGiven that at ,   increases at a rate of  0.3 units per second, i.e. 0.3.
3 d

Using Chain Rule,

d d d
d d d

tan (0.3)
3

3 3
10

xx
t

y y x
t x t

πθ

π

= =

= ×

 =  
 

=

(c)

 

Given 

Differentiate  with respect to 

d d d
d d d

1 3 3 3 3 (0.3)
2 6 10 2 6

0.834  (3sf)

 the rate of  change of   at  is 0.834  units per second.

z xy

z t

z y xx y
t t t

a a

a

z W a

π π

=

= +

    
= + + −        

    

=

∴
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(a)  

                                   

            

Let angle  be .                                     Let angle  be .

4.5 1.5 4.5 1.5
2 2tan tan

4.5 1.5 4.5 1.5
2 2tan tan =

6 12
2 2

AKD AKD

y y

AKD AKD
x x

y y

x x
y y

x x

α β

α β

− + − −
= =

− + − −
=

− −
= =

       

2

2

From the diagram.

tan tan( )

tan tan
1 tan tan

6 12
2 2

6 121
2 2

12
4 ( 6)( 12)

12     (Shown) ............................. (1), where ( 6)( 12)
4

y y
x x

y y
x x

x
x y y

x A y y
x A

θ α β

θ α β

α β
α β

= −

= −

−
=

+

− −
−

=
− −  +   

  

=
+ − −

= = − −
+  

2
2

2 2

2
2

2 2

2
2 2

Differentiate (1) with respect to 
d 12(4 ) 12 (8 )sec
d (4 )

d 12( 4 )sec
d (4 )

d 12( 2 )( 2 )sec
d (4 )

x
x A x x

x x A

A x
x x A

A x A x
x x A

θθ

θθ

θθ

+ −  =  + 

−  =  + 

− +  =  + 

(b)

 



2
22

22

dTo maximises tan ,  0.
d

12( 2 )( 2 )sec (0)
4

12( 2 )( 2 )0
4

0 ( 2 )( 2 )

    or      (Rejected, since 0)
2 2

x

A x A x

x A

A x A x

x A

A x A x

A Ax x x

θθ

θ

=

− +
=

 + 

− +
=

 + 

= − +

∴ = = − >

 

Thus for maximum , the player should be  m away from the scoreline.
2
Aθ  

 

Given that the length of  the scoring line  is 20 m, i.e. 20.
( 6)( 12).

 112

112 into 
2

112 2 7
2

The player should be 2 7 m away from the scoreline.

Substitute 20 into 

Substitute 

XY y
A y y

A

A

y

A x

=
= − −

∴ =

= =

∴ =

=
(c)

   

 
When the player is 15 m away from the goal line, i.e. 15.

15 and 112 into (1).
45 tan  
253

dGiven that the rugby player runs at a constant speed of  50 m per minute,  50.

Substit

d

ute 

x

x A

x
t

θ

=

= =

∴ =

= −

(d)

 

2 2 2

2

2 2 2

2

2
22

Using Chain Rule
d d d
d d d

12( 2 )( 2 ) 50
sec (4 )

12( 4 ) 50
(1 tan )(4 )

45When 15, tan , 112 
253

12(112) 48(15) 50
451 4(15) 112
253

0.447 rad/min (to 3 

x
t x t

A x A x
x A

A x
x A

x A

θ θ

θ

θ

θ

= ×

− +
= ×−

+

−
= ×−

+ +

= = =

−
= ×−
    + +       
= sf)

 The rate of  change of   at the instant visual angle when the player is 15 m away from the goal line is 0.447 rad/min.θ
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Given ( sin )
d (1 cos ) ............................... (1)
d

Since 1 cos 1 for all 0,
0 1 cos 2
0 (1 cos ) 2

d  0 for all 0.   (Shown)
d

x r
x r

r r

x

θ θ

θ
θ

θ θ
θ
θ

θ
θ

= −

= −

− ≤ ≤ ≥
≤ − ≤
≤ − ≤

∴ ≥ ≥

(a)

 

Given (1 cos )
d sin  ............................... (2)
d

y r
y r

θ

θ
θ

= −

=

(b)   
 

   

dWhen 0.
d

From (1): (1 cos ) 0

cos 1

0, 2 , 4 , ...

x

r
θ

θ

θ

θ π π

=

− =

=

=

 

  

dWhen 0
d

From (2): sin 0

sin 0

= 0, , 2 , 3 , ...

d dTherefore, for both 0 and 0
d d

0, 2 , 4 , ...

 2 ,  where 0, 1, 2, ...

y

r

y x

n n

θ
θ

θ

θ π π π

θ θ
θ π π

θ π

=

=

=

= =

=

∴ = =

 

dThe wheel rotates at a constant rate at  rad/s, i.e. 
d

Since point  is at rest at least once every 0.5 seconds, the wheel rotates at least 2  every 0.5 seconds.
d 2
d 0.5

4

 the range of va

k k
t

P

t
k

θ

π
θ π

π

=

≥

≥

∴

(c)

lues of  if the point  is at rest at least once every 0.5 s is 4 .k P k π≥

 

 

 

 

 

 



 

The wheel rotates at a constant rate at  rad/s.
Given that 8 ,  the wheel rotates at 8  rad per second.

8 8When ,  (8 )
3 3

64                               
3

k
k

t

π π

θ π

π

=

= =

=

(d)

 

Using Chain Rule,
d d d
d d d

2(1 cos )(8 )

8 64When , =
3 3

d 6416 1 cos
d 3

24
d 8The exact value of  when  is 24  rad per second.
d 3

x x
t t

t

t

x t
t

θ
θ

θ π

π θ π

θ π π

π

π

= ×

= −

=

  = −  
  

=

=

 

 

From the Chain Rule, 
d d d
d d d

(2sin )(8 )
16 sin

Since 1 sin 1,
16 16 sin 16

d the maximum value of  is 16 .
d

y y
t t

y
t

θ
θ

θ π
π θ

θ
π π θ π

π

= ×

=
=

− ≤ ≤
∴ − ≤ ≤

∴

(e)
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Solution

 

2 23 2 5 14 ..................... (1)
Differentiate (1) with respect to 

d d6 2 2 10 0
d d

d(2 10 ) 6 2
d
d 3      (Shown)
d 5

x xy y
x

y yx x y y
x x

yx y x y
x
y x y
x x y

− + =

− − + =

− = −

−
=

−

(a)

 

2 2

2

Substitu

.

dGiven that the normal is parallel to the -axis, i.e.  0.
d

3 0
5
5 0

0.2

 0.2  into (1)
3 2 (0.2 ) 5(0.2 ) 14

2.8 14

        5

The exact -coordinates are

e

5

t

 

yx
x

x y
x y
x y

y x

y x
x x x x

x

x

x

=

−
=

−
− =

=

=

− + =

=

= ±

±

(b)

 

2 2

2

Given 1, 1 into (1)
3 2 (1) 5(1) 14

3 2 9 0
Using GC, 1.4305  or  2.0972

substitute y y
x x

x x
x x

= =

− + =

− − =
= − =

(c)

 

Using Chain Rule, 
d d d
d d d

dGiven that  decreases at a constant rate of  7 units per second,  i.e. 7.
d

3 1 d7
5 d

d 7(5 )
d 3 1

When 2.0972,
d 3.84 units per second (3 s
d

y y x
t x t

yy
t

x x
x t

x x
t x
x

x
t

= ×

= −

−  − =   −  
−

=
−

=

=

(c)

.f.)

 The corresponding rate of  change in  when 1 is 3.84 units per second.x y =
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2

3

2

Given sin  ................... (1)
and cos  .................. (2)

Differentiate (1) with respect to 
d 2sin cos
d

Differentiate (2) with respect to 
d 3cos sin
d

x
y

x

y

θ

θ

θ

θ θ
θ

θ

θ θ
θ

=

=

=

= −

(a)

 

 

2

d
d
d
d

Using the Chain Rule, 

d
d

3cos sin
2sin cos

3 cos
2

y
t
x
t

y
x

θ θ
θ θ

θ

=

−
=

= −

 

 

2

3

2 3

2 3

3 2

G

o

iven that 

)

the point has parameter ,  i.e. .
 

sin
cos

 (sin ,  cos )

Equation of  tangent at (sin , cos )
3cos cos ( sin )
2

Substitute into (1) and (2)
From (1):  
Fr m (2 :  

P p p
p

x p
y p

P p p

p p

y p p x p

y

θ
θ

=
=

=

=

∴

 − = − − 
 

   

2 33 3cos cos sin cos     (Shown)
2 2

p x p p p = − + + 
 

 

 
2 3

2 2

2 2

2 3

2 3

3 3When 0,  cos cos sin cos
2 2

3sin cos
2
3 the coordinates of sin cos ,  0
2

3When 0,  cos sin cos
2

3 the coordinates of 0,  cos sin cos
2

y p x p p p

x p p

M p p

x y p p p

N p p p

 = = + 
 

= +

 ∴ = + 
 

= = +

 ∴ = + 
 

(b)

   

 



2 3 2 2

2 2 2 2

2 2 2

2 2 2 2

2 2

Area of  

1 3 3= cos sin cos sin cos
2 2 2

1 1 1(cos )(3sin 2cos ) (3sin 2cos )
2 2 3

1 (cos )(3sin 2cos )
12
1 (cos )(sin 2sin 2cos )

12
1 (cos )(sin 2)     (Shown

12

OMN

p p p p p

p p p p p

p p p

p p p p

p p

∆

  + +  
  

   = + +   
   

= +

= + +

= + )

 

 

2 2

2 2 2

2 2 2

Let  be the area of  .
1 (cos )(sin 2)

12
d 1 1(cos )(2)(sin 2)(2sin cos ) (sin )(sin 2)
d 12 12

1 (sin )(sin 2) 4cos (sin 2)  .................... (3)
12

A OMN

A p p

A p p p p p p
p

p p p p

∆

∴ = +

= + − +

 = + − + 

(c)

 

2

3Given , 
4

3sin
4

1    or     (rejected as 0 ) 

 

3

substitute into (1

3 2

).x

p

p p pπ π π

=

=

= = − ≤ <

 

2 2 2

4

S

i

ubsti  into (3)
3

d 1 sin sin 2 4cos s n 2)
d 12 3 3 3 3

1

3

tute 

3 11 111
12 2 4 4

77
38

p

A
p

π

π π π π

=

     = + − +          
   = −       

= −

 

2

Using Chain Rule
d d d
d d d

dGiven that   increases at a constant rate of  0.2 radians per second, 0.2
d

77 3 0.2 
384

77 3 units /s
1920

3The rate of  the area of  triangle  decreasing when  is 
4

A A p
t p t

pp
t

OMN x

= ×

=

= − ×

= −

=
77 3  units per second.
1920
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e
L

r
et

i
  

a
and

 
  b

o
e th

h
e vol

l
ume an

u
d surface area 

m
of  the sp
 

herical mo
v

thball resp
,Given that the sph c l m t ba l s bli es; its olume  decre i

ec
o

tiv
a

ely
ases at a rate, proport n l c

.

 d
to its surfa e area, 

i.e.

V A

V
d

dSo , 0 ....................................(1)
d

A
t

V kA k
t

α

= <
 

3

2

4
3

Differentiate  with respect to 
d d4
d d

d ....................................(2)
d

Equating (1) (2)
d
d

d
d

Since 0,  the radius decreases at a constant rate    (Shown)

V r

V r
V rr
t t

rA
t

rkA A
t

r k
t
k

π

π

=

=

=

=

=

∴ =

<
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Solution

 

2 2

2 2 2 2

2 2 2

2
2

2

2 2

Using similar triangles,

4
4

16( ) ( 4)
( 8 ) 16

15
8

4 4      (Shown)   or      (Rejected  0)
8 8

BC DC
BA DE

r h h
r

r h r h
r h h h

hr
h h

h hr r r
h h h h

=

+ −
=

+ = −

− =

=
−

∴ = = >
− −

(a)



  

2

2

2

2

Let volume of  cone be 
1
3

1 4
3 8
16  ....................... (1)

2 8
Differentiate (1) with respect to 

V

V r h

h h
h h
h

h
r

π

π

π

=

 
=   − 

 
=  − 

(b)

           

2

2

2

2

2

d 16 2 ( 8)
d 3 ( 8)

16 16
3 ( 8)

16 ( )( 16)
( 8)

dFor stationary points,  0.
d

V h h h
h h

h h
h

h h
h

V
h

π

π

π

 − −
=  − 

 −
=  − 

−
=

−

=

 

2

2

16 ( )( 16) 0
( 8)

16 ( )( 16) 0
                  0  (rejected   0)  or   16

16 16
3 16 8

512
3

       Substitute 16 into (1)

h h
h
h h

h h h

h

V

π

π

π

π

−
=

−
− =

∴ = > =

 
=  −

=

=

 



 

                 is minimum at 16V h∴ =  

      3512  the minimum volume of  the cone when 16 is  cm .
3

h π
∴ =  

 



3

2

2

    volume of the spherical molecule

    sur

Let ,  and  be the volume, surface area and radius of  the spherical molecule respectively.
4
3

Differentiate  with respect to 
d 4
d

4

i

i

i

i

V A R

V R

V R
V R
R

A R

π

π

π

=

=

=

(c)



 face area of the spherical molecule ........................... (2)
Differentiate  with respect to 

d 8
d

A R
A R
R

π=

 

2

2

 

1 dGiven that the surface area of the molecule is decreasing at a constant rate of  cm /min,  i.e.  .
16 d 16

Using Chain Rule, 
d d d d
d d d d

1 14
8 16

.....................
32

i i

A
t

V V R A
t R A t

R
R

R

ππ

π π
π

π

= −

= × ×

 = × × − 
 

= − ...... (3)

 

2

2

At 0,  
4 (4 )
64

At 4, 
164 4

16
255

4
255 the surface area of the sphere 4 minutes after it has placed in the jar is  cm .

substitute 0 into (2

4

)tt
A

t

A

π
π

π π

π

π

=

=
=

=

 = −  
 

=

∴

=

 

2

2

6

       Substitute  into (255
4

4 255
2

 2

55
4
25

)

5
1

A

R

R

R

π

π π
ππ

=

=

=

=

 

3

3

255
16

d 255      
d 32 16

255  cm /min
128

255         the exact rate of  decrease of  volume of the molecule 4 minutes after it had placed in the jar is  cm /min.

       Substitute  into (3

12

)

8

i

R

V
t

π

π

π

=

∴ = −

= −

∴
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2 2 2

2 2 2

By Pythagoras' theorem,
3.12

By implicit differentiation w.r.t. ,
d d2 2 0
d d

dWhen 1.2,  0.2 and
d

3.12 1.2
2.88       (Since 0)

Hence,
d2(1.2) 2(2.88)(0.2) 0
d

d 0.48
d

Hence, the t

h x
t

h xh x
t t

xh
t

x
x x

h
t

h
t

+ =

+ =

= =

= −
= >

+ =

= −

2 2 2

2 2 2

op of  ladder is sliding down at a rate of  0.48 m/s.
Method 2
By pythagoras' theorem,

3.12
By implicit differentiation w.r.t. ,

d d2 2 0
d d

dWhen 1.2,  0.2 and
d

3.12 1.2
2.88      (

h x
x

h h xh x
x x h

xh
t

x
x

+ =

+ = ⇒ = −

= =

= −
= Since 0)
d d dHence, 
d d d

2.88 0.2
1.2

0.48
Hence, the top of  ladder is sliding down at a rate of  0.48 m/s.

x
h h x
t x t

>

= ×

= − ×

= −
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Solution

 

(a)  

                               

 trigonom
s

F
etric

i
 ra

,
tii o,

rom the d agram  
us ng 

cos     and   in

cos

OA r AP r

OQ OQ OA
OQ x r

θ θ

θ

= =

= −
∴ = −

  

( )

2 2 2

2 2 2 2

2 2 2

2

By Pythagoras Theorem,

sin ( cos ) 16

cos 16 sin    (since cos 0)

cos 16 sin     (Shown)

AP AQ PQ
r x r r

x r r r x r

x r

θ θ

θ θ θ

θ θ

+ =

+ − =

− = − − >

= + −

 

2 2 2

2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2

2

Using Cosine rule,
(4 ) 2 cos

2 cos 15
( cos ) cos 15

( cos ) 15 cos
( cos ) 15 (1 sin )
( cos ) (16 sin )

cos 16 sin    (Since cos

r r x rx
x rx r

x r r r
x r r r
x r r r
x r r

x r r x r

θ

θ

θ θ

θ θ

θ θ

θ θ

θ θ

= + −

− =

− − =

− = +

− = + −

− = −

− = − −

Alternative Method 

( )2

0)

 cos 16 sin     (Shown) ......................... (1)x r

θ

θ θ

>

∴ = + −

 

 

1
2 2

1
2 2

2

Differentiate (1) with respect to  

d 1sin (16 sin ) ( 2sin cos )
d 2

Using Chain Rule, 
d d d
d d d

1 dsin (16 sin ) ( 2sin cos )
2 d

cos dsin 1
d16 sin

x r

x x
t t

r
t

r
t

θ

θ θ θ θ
θ

θ
θ

θθ θ θ θ

θ θθ
θ

−

−

 
= − + − − 

 

= ×

 
= − + − − 

 
 

= − + 
− 

(b)

 

 



d 2Given that 0.5 rad/s and when = ,
d 3

1
d 3 121
d 2 2316

4
0.378  cm/s

 is moving towards  at a rate of  0.378  cm/s.

t

x r
t

r

Q O r

θ πθ=

   −      = − +         −     
≈ −

(c)
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Solution

 

2 2 2

2 2

 Let  be the slant height of the pot.
By Pythagoras Theorem,

 ............................ (1)

Let  be the curved surface area of  the pot
 ..................................... (2

l

l h r

l h r

A
A rlπ

= +

= +

=

(a)

2 2

2
2

)

 ...................... (3)

Substitute (1) into (2)

A r h r

Ah r
r

π

π

= +

 = − 
 

 

    

2

2
2 2

2

2
2 2

1Volume of  the pot,  ............................ (4)
3

1
3

Giv

Substitu

 

te (3) in

ren that the pot has a fixed exte nal curved surface area of   cm ,

3

t 4

 

o )

 

1

 (

V r h

AV r r
r

a A a

aV r r
r

π

π
π

π π

ππ
π

=

 = − 
 

=

 = − 
 

2
2 2

2 2
2

2

2 4

2 2 2 2 4

1
3

1
3
1
3

9 ( )   (shown) ............................ (5)

aV r r
r

a rV r
r

r a r

V r a r

π

π

π

π

 = − 
 

−
=

= −

= −  

Differentiate (5) with respect to  r  

2 2 2 5

2 2 2 5

2 4

2
4

d18 2 6
d

dAt maximum volume of  the pot, when 0.
d

3 0
( 3 ) 0

    or 0    (Rejected, since 0)
3

VV a r r
r

V
r

a r r
r a r

ar r r

π π

π π

= −

=

− =

− =

= = >

 

 

 

 

 



Use First Derivative Test to show minimum  

2 2 2 5

2 2 2 5

2 2 4

2
2

2
2

d18 2 6
d
d9 3  .............................. (6)
d

d ( 3 )
d 9

3 3 3 3

3 3 3 3

Since 0, 0,

VV a r r
r
VV a r r
r

V r a r
r V

r a a ar r r
V

r a a ar r r
V

V r

π π

π π

π

π

π

= −

= −

−
=

  −  = + + −        

     = − + + −              
> >

 

                                 

2
4   is maximum at .

3
aV r∴ =  

2 2 2 2 4

2 4

2
2 44

2 4

4
2 2 2 2

24 4 4

3
2 4

3 7
2 4

3 7
32 4

From (5): 9 ( )
1
3

1
3 3

1 
3

1 1

Substitute  into

2
3 3 3 3 3 3

2
3 3

2 3

 the maximum volume is 2 3  cm

 

V r a r

V r a r

ar V r a r

V r a r

a a a aa

a

a

a

π

π

π

π

π π

π

π

π

−

−

= −

= −

= = −

= −

     
     = − =
     
     

 
=  

 

=

∴

 

 

 

 

 

 

 



2 2 2 5

2 2
2 2 2 4

2

2
4

Alternative Method   (Use Second Derivative Test to show minimum)
dFrom (6) 9 3  
d

d d9 9 15 ..............(7)
d d

dSubstitute  and 0 into (7) :
3 d

VV a r r
r

V VV a r
r r

a Vr
r

π π

π π

= −

  + = − 
 

= =

 

2 2
2 2 2 2

2

2 2 2

2

2

2

2
4

d9(0) 9 15
d 3

d 4
d 9

dSince 0, therefore 0
d

   is maximum when .
3

V aV a
r

V a
r V

VV
r

aV r

π π

π

 
+ = −  

 

= −

> <

∴ =

 

 

Using similar triangles,

9 24
3  ............................... (1)
8

x y

yx

=

=

(b)

 

       

2

2

3

Let   be the volume of  the water in the pot at time 
1  ............................. (2)
3

Substitute (1) into (2)

1 3
3 8
3  ............................. (3)

64
Differentiate (3) with res

W t

W r y

y y

y

π

π

π

=

 =  
 

=

2

2

pect to 3 
d 9
d 64

d 9When 1,  substitute 1 into 
d 64

d 9
d 64

W y
y

Wy y y
y

W
y

π

π

π

 =  
 

 = = =  
 

=

 

       

1

Using chain rule,
d d d
d d d

64 1
9 2

32  cms
9

32 the rate of  decrease in the depth of  water is   cm per second.
9

y y W
t W t

π

π

π

−

= ×

 = × − 
 

= −

∴
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Solution

 

o

o

  Let  be the height of  conical container
30tan 30

30
tan 30
30 3 

H

H

H

=

=

=

(a)

 

( )

o

o

tan 30
30 3

30 3 tan 30

30 3
3

r
h

r h

h

=
−

= −

−
=  

 

2

2

3

Volume of  cone Volume of  not filled with water

1 1 30 3(30 )(30 3) (30 3 )
3 3 3

9000 3 (30 3 )      (Shown)
9

V

hV h

h

π π

ππ

= −

 −
= − −  

 

= − −

 

 

( )

( )

( )

( )

2

2

3

2

2

Differentiate  with respect to  
d 3 d30 3
d 9 d

d30 3
3 d

dWater is poured at a constant rate of  300 cm  per second,  i.e.  300
d

d300 30 3 5 3
3 d

d300 25 3
3 d

d 300
d 625

12
25

Hen

V t
V hh
t t

hh
t

V
t

h
t

h
t

h
t

π

π

π

π

π

π

 = − − − 
 

= −

=

= −

=

=

=

(b)

112ce the rate of  change of  depth of  water is   cm s .
25π

−

 
 
 
 
 
 
 
 
 
 
 
 
 
 



( )
( )

2

2

Differentiate  with respect to  
d 30 3 ( 1)
d 3

30 3
3

V h
V h
h

h

π

π

= − − −

= −

Alternate Method

 

( )

( )

( )

2

2

2

1

1

Using Chain Rule,
d d d
d d d

1 (300)
30 3

3
900  

30 3

When 5 3,
d 900
d 30 3 5 3

12   cm s
25

12Hence rate of  change of  depth of  water is    cm s .
25

h h V
t V t

h

h

h
h
t

π

π

π

π

π

−

−

= ×

= ×
−

=
−

=

=
−

=
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Solution

 

Using similar triangles,
12

12 6
12 2

12 2  ............................. (1)

h r

h r

h r

−
=

− =

= −

(a)(i)

 

  

2

2

2 3

2

1Volume of the smaller cone  ............................. (2)
3

(1) into (2)
1 (12 2 )
3

24
3

Differentiate  with respect to 
d 8 2  .............................

Substit t

d

u e 

V r h

V r r

r r

V r
V r r
r

π

π

π π

π π

=

= −

= −

= −

(a)(ii)

 (3)

dAt maximum, 0
d
V
r
=

 

      ( )

28 2 0
2 4 0

4   or    0  (Rejected, since 0)

r r
r r

r r r

π π
π

− =

− =

= = >

 

4 into (1)
12 2(4)
4

Substitute r
h
h

=
∴ = −

=
 

2

2

2

2

Differentiate (3) with respect to 
d 8 4
d

When 4
d 8 4 (4)
d

8 0

 4 and 4 is maximum such that the smaller cone has the largest possible volume.

r
V r
r

r
V
r

r h

π π

π π

π

= −

=

= −

= − <

∴ = =

 

 

 

 

 

 



 

Let the radius of the surface of the water in the smaller cone at time  seconds be .
Using 

3 6

3  ..................... (1)
6

         Volume of ,

s

c

i

 the smaller one

milar triangles
t R

R k

k R

=

=

(b)(i)   
          

2

2

2

3

1  .................. (2)
3

         

1 3
3 6
1 1
3 4

1              ....................... (3)   (Shown)

Substitute (1) into (2

12

)

V r h

V k k

k k

V k

π

π

π

π

=

 =  
 
 =  
 

∴ =

 

        

2

2

2

2

3

Differentiate (3) with respect to 
d
d 4

Using Chain Rule,
d d d
d d d

4
16

d 1  .......

Integrate 

s

both side

................ (4)
d 4

1 d  d
4

1 ,  where  is a con
3

s with res

4

pect to 

k
V k
k

k k V
t V t

k
k
t k

k k t

k t c c

t

π

π
π

=

= ×

= ×

=

=

= +

∫ ∫

tant.

When 0 and 0
 0.

t k
c

= =
∴ =

 



       

3

3

3

3

2

1Hence, 
3 4
32When 
3

1 32
3 4 3

8
3 3

8
2

d 1
d 4(2)

1
16

32 1 the rate of  increasing at seconds is  cm per second .
6

Substitute 2 into (4)

3 1

k t

t

k

k

k
k

k
t

k

k

=

=

 =  
 

=

=

=

=
=

=

∴
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Solution

 

2 2 2 o

2 2

Let distance of  the car from the junction  and distance between the car and truck
By Cosine Rule,

48 2 (48)cos120
48 2304       (shown) ........................... (1)

x P y

y x x
y x x

= =

= + −

= + +

(a)

 

 

2 2

2 2

Differentiate (1) with respect to 
d d d2 2 48
d d d

When 15,  s
2304 48

15 2304 48(15) 3249
57

ubstitute 15 into (1)

t
y x xy x
t t t

x
y

x
x x

y
y

= +

=

= + +

= + + =
=

=

(b)

 

dThe rate of  change of  the car is 60 because it is traveling toward .
d

d d2(57) (2(15) 48)
d d
d 141
d 19

41.1. (3sf)
Hence, the distance between the car and the truck is decreasing at a rate of  

x P
t

y x
t t
y
t

= −

= +

= −

= −
41.1 km/h.
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