Exercise 9

A Rate change relating to Cartesian Equations

1
Solution

Given 16x* +9y" =144 ..o, (1)
Substituting x =~/5 into (1).

- [144 —916(5)

3
Since %, x > 0.Hence for % > (, y should be negative.
=8
Sy 3

Differentiate (1) with respect to x :

32x+18y(d—yj=0
dx

d_y_—32x
dx 18y
__l6x
9y
At(ﬁ,gj, dy _-16¥5
3) dr 3(-8)
25
3

Using chain rule
& _dy dv

dt  dx  dt

bl

Given that j—y =2cms’
t

25 dx
2=——x—
3 dr
&_3
dt 5

At (\/g , —gj ,its rate of increase is i cm/s.

J5



Alternative Method
Differentiate (1) with respect to ¢ :

dy:0

32x%+ 18y—
dr dr

Substituting x =~/5, y = —% and % = 2into (2).

dx 8
32\/§5+18[—§)(2)—0

dx 3

KT

At (\/g R —gj, its rate of increase is 3 cm/s.

J5



2

Solution
Given 1 + 1 = L )
u v 20
Differentiate (1) with respect to ¢
1 du 1 dv
Ta A 0 e 2)
Substituting u = 60 into (2)
1 1 1
o=
60 v 20
1 1 1
v 20 60
1 1
v 30
v=30

Substituting v = 30 and ((11—1: =—2into (2).

e
(60) (30)° dr
1 1 dv
1800 900 dr
dv 900
dr 1800
1
2

. . N
.. the rate of increase of v when u = 60 units v is 5 units/s.



3
Solution

Let A(x) = f1+i2 bed= /1+L2
X X

Differentiate 4 with respect to x

1
d4 1[ 1)2( Zj
- = 1+_ —
dx 2 x° X

1

d4 dx
ie. —=—-k—
dt dr
a_ dr
dt dt
Y
dx
Substitute (1) into (2)
b
x 1+XL2
When x =k
S
K /1+ki2
1 x

kNE +1
Ak +1=1

From GC, since k£ >0, £ =0.905 (3 s.f))



Exercise 9

A Rate of changerelating to Cartesian Equations

4
Solution

(@) Given x= p(cos20—2c0860) ...ccooverurnn. )
and y= psin% ................................... 2)

Differentiate (1) with respect to &

de = p(—2sin26 + 2sin )

do
Difterentiate (2) with respect to &
L = 3 p cosﬁ
do 2 2
Using the Chain Rule,
dy
Y _w
dr &
dr
3 cos 30
_ 2P"y
p(—2sin 26 +25sin )
3cos 30

" 4(sin20—sin0)
When x = —p, substitute x =—p into (1).
—p = p(cos26—2cosbH)
c0s20—2cosf@+1=0
2c0s’0—2cosf=0
cosf(cosf—-1)=0

cos@ =0 or cosd =1

=% or =0 or 2x [rejectedsince 0 <8< 7]

When 6 :z,
2
3(x
3cos>| =
d_y: cosz(z)
4{5in2(”} - sin”}
2
__ M2
8

dx
— = p(-2sin26 +2sin @
10 p( )

:2p



Using the Chain Rule,
dx dx dé

& Ao d

T
=2px—
P 3

2 .
.. y changes at a rate of e p7r unit per second.

(b) Using the Chain Rule,

dy_dy de
dx dr dx

3 30
cos7 _d_yxﬂ

A(sin20-sin®) dtr  dx

Given % =—1.5and when f =1,

3
3cos—
- = —15 ><i
4(sin2 —sinl) dx
%:4sinl
dt 2

Now differentiate (x + y) with respect to ¢

d de dy
—(x+y)=—+=
AR P
:4sinl—1.5
2
=0.4177021544

.. x+ y changes at a rate of 0.4177 unit per second.
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Solution
(@) Given x=asin®@ ....ccccccooeeveercrereennnn. (1)
and Y=0ACOS O oo 2)

Differentiate (1) with respect to &
dr 3asin® @ cos &
deo

Differentiate (2) with respect to &

b _ —3acos® @sin 6
do

& & a0

dx d& dx

_3a cos” Osin @

~ 3asin’ Ocosd

=—coté¥

b) Equation of tangent at the point P :
g
y—acos’ 8 =—cot@(x—asin’ 9)

cos @

y—acos’ 6 =— (x—asin’ 9)

ysin@+xcos@ = asin’ @cos@+acos’ Osin O

ysin@+ xcos @ = asin @ cos O(sin” @ + cos” )
ysin@+xcos@ =asinf@cosO .......vvvverenennnn. )

.. the equation of tangent to the curve at the point P is ysin &+ xcos @ = asin & cos . (Shown)

(¢) When the tangent at the point P meets the x-axis, i.e. y =0.
Substitute y =0 into (1).
(0)sin@ + xcos@ = asinfcosd

x=asin@
.. L=(asind,0)

When the tangent at the point P meets the y-axis, i.e. x =0.
Substitute x = 0 into (1).
ysin@ + (0)cosd = asinfcosb

y=asinf
..M =(0,acos0)

LM =~Ja*sin®0 + a* cos> 0

=./a’(sin’ @ + cos’ 6)

=a

~. LM is dependent of a. (Shown)



() Let z=2
y

_asin’@

acos’ @

=tan’ 0

4 3tan’ fsec’ @
do

Using the Chain Rule,
d_dz do
de d@ dr

When 6 :% and given that rate of increase in 6 is 0.05 radians™, i.e. C;—a =0.05
t

= (3'[3112 7 sec? zj x0.05
6 6
=0.0667

The rate at which 2 is changing when 6 :% is 0.0667 radians s™'
y
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Solution

()

(0]

Learning Point :
As8 >0, x =—In(cos@) > 0, y=In(sinf) - —0

As @ _>%’ x=-In(cos @) = +o, y =In(sinf) - 0

(b) Given x = ln( ! j
cosé

=—In(COS ) eevvirriiiiiriieeieeeen )
and  y=1In(SiNG) .ccooovevveieieeeeee )

Differentiate (1) with respect to &
dx sind
40 cosé
Differentiate (2) with respect to &

dy _cosé
do sind

Using the Chain Rule,
& _d do
dx dé dx

B cosﬁ(cos&j
sin@ \ sin @
_cos’ 0
sin® @

=cot’ @




When 6 = %, substitute & =% into (1) and (2)
From (1): x:—ln(cos%j
:lmz
2

From (2): y=In (sin %J

=L
From (3): % = cot’ %

.. the coordinates are (%ln 2, lj and the gradient at 6 :% is 1.

Equation of tangent at the point where 6 = %is
1 1
—|—=In2 |=x—=In2
g ( 2 J 2

y+lm2=x—lm2
2 2

y=x—In2

(¢) Let A4 be the area of triangle OBP

1
A=—x1x
> y
1 .
:Exlx(—ln(smﬁ))

1
=——In(sin#
2( )

Differentiate 4 with respect to 6.
d4 _ 1(cost
do 2\ sind

1
=——cotd
2




Using the Chain Rule,
U _dd 4o
dt d@ dr
= —lcot Ox2
2
=—cotd
When =2~
3

COSE
dd_ 1773
dr

1 . 2
=———units”/s
NG)

Rate of change of area A
_d

dt

d4 dé
= X —

do dr

1 (cos& . de
=|——=| — x2 <given — =2
2\ sin@ At

=—cotf 1%

When 6 = r
3

T
a4 |55 B(1,0)

dr o 0

1 .
= ——— units*/s

3

The rate of the area of triangle OBP is decreasing when 6 :% is

1 .
— units*/s.

3



Exercise 9

C Applications

7
Solution

Let the height and the radius of the cylinder,  be 4 and x respectively.

V=FXN oo, (1N
Given that the height of a cylinder is twice the radius,i.e. 1 =2x ................ 2)
Substitute (2) into (1)
V =7x*(2x)
=2 e 3

Differentiating V" respect to x

v _ 67x*

When x = 2, substitute x = 2 into (3)
dv
— =671(2)
o (2
=24r

. .. . . dx
Given x is increasing at a rate of 0.1cm/s, i.e. o =0.1
t

Using the chain rule,

Wy

dt  dx dt
=247x0.1
=24rx

. the rate of change of volumeis 2.4 7 cm’/s.
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Solution

Let the circumference of the blot be C.

C=7nD < formula for circumference of a circle = 7 x (diameter of circle)
Differentiating both sides wrt ¢
dc dD
—_—
dr dr

Given that % =0.25cm/s,

ac =0257
dt

=0.7854 (4 d.p.)

.. the rate of change of the circumference of the blot is 0.7854 cm/s.

D =2r, where r is the radius
4D _,dr
dr dr
Given that % =0.25

dr 1
—=—(0.25
dr 2( )

=0.125

Let the area of the blot be C.

2
A=nr

Differentiating both sides wrt ¢,

Whenr=1.5cm,
d4
— =27(1.5)(0.125
& (1.5) )
=1.1781cm’/s (4d.p.)

. the rate of the area of the blotis 1.1781cm?/s.
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Solution

(a) Let the radius and the volume of a spherical balloon be » and ¥ respectively.

4
Ay 1
3 (D
Differentiate V' with respect to r
a =477’
r

Air is being blown into a spherical balloon at a constant rate of 12 cm® per minute, Z—V =12.
t

Using the Chain Rule,
&r_dr dV
de dV dt

= ! >x12
4rr
12
 4xr?
3
r

Atr=>5
dr 3
dt 7(5)

3
257
=0.0382

.. the rate at which the radius of the balloon is changing when the radius is 5 cm is 0.0382 cm/min.

(b) Let the radius and the area of a spherical balloon be  and A4 respectively.
A=drnr’

Differentiate ' with respect to r

—=8rr
r
d4 dA r X dr 3 .
—=—x— Jsubstitute — =—— in (a)
dt  dr dr e zr
3
=Brr)x—;
r
24



Given that air is blown into spherical balloon at a constant rate of 12 cm’ per minute

In 10 min, the volume of the balloon ¥ =12x10 =120 cm”.

Substitute V' =120 into (1).

iﬂf =120
3
f90
y = 3—
V4
Substitute » = 3/% into (2).
T
At 10 minutes, % = 243/1
dr 90

=7.84 cm/min

.. the rate at which the surface area of the balloon is changing after 10 minutes is 7.84 cm/min.
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Solution

(a) Let & be the height of the cylinder.

h=16X oo (1)
16x
Differentiating (1) respect to ¢
dn = 16% ..................... 2)
dt de

. Lo . . odx
Given when x = 4, area of the cross-section is increasing at a rate of 0.02 cm’/s, i.e. T =0.02.
t

Substitute % =0.02 into (2)

It 1600.02)
dr

=0.32cm/s

.. the rate of increase of the height of the cylinder when x =4 is 0.32 cm/s.

(b) V =(Area of cross-section) x height
=(16x)xx
=16x"
Differentiating " respect to x
a =32x

Using the Chain Rule,
Wy

dt  dx  dt
=32xx0.02

=0.64x

When x =4,
dv
— =32(4)(0.02
py (4)(0.02)
=2.56

. the rate of increase of the volume of the cylinder when x = 4 is 2.56 cm’ /s



() x=m’

When x =5,
5=’
5
Z
V4

—=2rr

r

Given % =0.02cm?/s when x =4 and r = \/E

Vg
Using the Chain Rule,
de_dx dr
de  dr dr
0.02= 27[( i}xﬂ
T ) dt
dr =0.00252
dt

.. the rate of increase of the radius of the cylinder when x =4 is 0.00252 cm /s
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Solution

(a) Let A4 be the area of the triangle.

Given that the triangle has a fixed area of 100 cm?, i.e. 4 =100

lab=100
2

ccm

_20
a

b

(b) By Pythagoras Theorem

¢ =a*+b?

200°

= A T e, 1
p (1

Differentiate both sides with respect to ¢
de da  2(200)* da

2096 _p 00 2200 da 2
“@ Ya L @ @

2
When a =20, c=, /202 + 220002

=+/500

Substitute a = 20, ¢ =+/500 and into i—j =3 into (2)

de 1 2(200)°
= 2(2 _
dt 2\/500[ (206 20° (3)J

U
2045
9
25

. . 9 -
.. the ¢ is increasing at rate of —= cm s
25

1

Alternative Method
Pythagoras Theorem

c=d*+b

/22002
c=,la +—
a

de 1[ , 200
=—|a +

B
i 2) (2a +200*(—2a™*))
a a

When a = 20,
de_de da
dt da dt

1
2\72 _
-1 a2+& 40+ 200° —%j 3)
2 20 20

=2.01

acm
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Solution

(a) Let the depth of water at ¢ minutes be # m.

,
tano =—
h
0.5 :% <tana = 0.5 (given) h
h
F = e 1 g
> (D
|y T T )

Substitute (1) into (2)

2
:l”[ﬁj 0
3702

_zh’
12
Differentiate V' with respect to /
dr h’
dh 4

Given V =3m’, substitute ¥ =3 into (2)

3=lm’2h
h= 3%
Vs

Using the chain rule,

dh_dh v
de dV dt
4 1
-t L
zh* 10
2
5ah’
When i = ﬂﬁ,
V4
%_ 2
dr 2
571(36j3
V1
=0.0251 m min™*

.. the rate of increase of the depth of water when the volume of water is 3 m”’ is 0.0251m min™".



(b) Let 4 be the top surface area of the water in the container.

Substitute (1) into (3)

2
A=4r (ﬁ)
2
=7h’

Differentiate A with respect to ¢

% = 27rh%
dr dr

When 4 = 3f§ and % =0.0251,
T dt

a = 27{3 ﬁ](0.0251)
dr V4

=0.355

. the rate of the top surface area of the water in the container changes at this instant is 0.355 m min".
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Solution

Refer to the diagram.

Let BC be the diameter of the top of the cylindrical part of container with O as the centre and let ED
be the diameter of the lid with P as the centre. The lines BE and CD are extended to meet at 4 as shown in the diagram.

The points 4, B, C, D and F lie in the same plane and ABC and AED form two right cones.
Let OB=3cm, PE=1.5cm.

By Triangle Midpoint Theorem, BE = E4 =2.5 cm. Hence B4 =5cm

Use pythagoras theorem, OA =~/ BA* — OB’
.. OA=4cm.

Let r be the radius of the liquid surface, and k be the vertical distance from the liquid surface to A4.

Using similar triangles, I é
k 4
r= Ek
4
Volume of liquid above level BC, V = %7:(32 )(4) - ézzrzk ......................... )
. 3,
Substitute » ==k into (1)

T4
1 3
V==n(3)4)-—rk’
3 (3)(4) T
Differentiate V' with respect to k&
d_V = _i,,kz
dk 16

When the liquid level is 1 cm from the lid of the container, k£ =3
{14

9
& 223y
w167

Using chain rule,

dk _drv dk
de  dr dV
=9O7Z'><(—L2]
97(3)
160
9

Since £ is decreasing at % cm/s, it follows that the liquid level in the can is increasing at ? cm/s when it is 1 cm from the top of the container.
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Solution

Let the depth of the water be / and the radius of the water level at that point be R.

15-h

Using similiar triangle,
15-h R

15 5

Let V' be the volume of water in the cone
VZ%/Z(S)Z(IS)—éﬂRz(lS—h) ........................ 2)

Substitute (1) into (2)

1 ) 1 (15-h
V—gﬂ'(S) (15) 37[(

j (15-h)

1, 1 ,
=—2(5) ——nr(5-h
3ﬂ() 27??( )

Differentiate V' with respect to 4

a3 )
= 15—k (-1
7 27;;( ) (=D
_x(15—hy’
9

Given that liquid is leaking at a rate of 10 cm’s ™", (il_lt/ =—mcem’s.

Using the Chain Rule,
W dn
de  dh dt
= x(15-h)’ X(_L)
9 16
144 =(15-h)’
+12=5-h
5-h=12 or 5—-h=-12
h=-7 (Rejected, h>0) h=17

.. the depth of liquidis 17 cm.
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Solution
(a) Using similiar triangle, 32

r-2 3-2

h A 4 r-2 4
r— 2 = h
4
h
R RCCR— (1) (Shown) 7

. 1
(b) Using the volume of a frustum, V' = 572'(}’12 +r+rn)
Substitute , =2 and r, =7

*. volume of water, V' = %7[(22 A7 42V e, 2)

Substitute (1) into (2)

2
Vv :lﬁ[4+(2+ﬁ) +2(2+ﬁth
3 4 4

2
=17rh 4+4+h+h—+4+ﬁ
3 16 2

3 2
:lﬁ h—+£+12h
3 {16 2

Differentiate V" with respect to 4

2
d_V:lﬂ £+3h+12
dn 3 {16

. . . . . .dy
Given that water is poured at a rate of 9 m’ per minute into an open container, i.e. o 9.
t

Using the Chain Rule,
W v dh
dt dh dr

2
9:17r £+3h+12 x%
3 16 dt

When h =1,
2
9:l7z &+3(1)+12 x%
3 16 dt
81z dh
=X —
16 dr
16
d 97z

. . 16 -
*. the rate of increase of the depth of water is o mmin~".
4






Exercise 9

D Mixed Practice

16 Length of square card side
. a
Solution

X X
(a) Use Pythagoras' Theorem Height of triangle ’/4); )
Height of triangle =, [x* — > N i

4 Height of triangle

Length of square card side= x + 2y + 2(height of triangle)

3
a =x+2y+2(§x] < make y as a subject

y:%(a—(1+x/§)x) (Shown)

3
Height of pyramid = || — —X
g pyr (2 ] (2 j
e
2
=—x
V2

V' = Volume cuboid + volume of pyramid

1 2 3 1 3
_Eax — (1+\/§)X +mx
LN B0 S R I
2a [3\/_ 75 ]x .............................. 9]

.1
*. the volume of the container is Ea}c2 + [— —_———



(b) Differentiate (1) with respect to x

av (1 1 \/Ej .
—=ax+|—F47=—-————|3x
dx 3

dv
At stationary, — =0
A

ie. ax+[L—l—£J3x2:0

( ! \/§J3x:—a or x=0 (Rejected, x >0)

. .2
.. the maximum value of x is .
3.6 -



(¢) Letux, be side of the small square base pyramid

Refer to the diagram on the right. x -
2 i P ot

By using similar triangles,

5 j —_— }

x 1 H 7 !

2 \/5 ;i'_ ht of pyramid:Lx Y . 2

NG V2 1 height of pyramid
h
Xy =—h i (1) 1
2 h
A

Let V; be the volume of sand.

Since it is a small square base pyramid, its base area is (2x,)’.

V, = %x (square base pyramid) x (level of sand)

Substitute (1) into (2)

{2

v=2n
3
Differentiate V; with respect to /
Wy
dh

Using chain rule,
dh _dV, _dh

_ —_—

e dr ~d,

. . . . .. dn
Given that sand is poured into the container at a constant rate of 0.1 cm’/min, i.e. d—l =0.1
t

dh 1
o (O'D(WJ

1
- (0'1)(2(0.05@2 j
20

2
a

The rate of increase of the sand level when 2 = 0.05a is @ m/mins.
a
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Solution

(a) Use Pythagoras' Theorem
P +h* =R

apex

Substitute (1) into (2)

2
V= Em’z VR? =1 <square both sides

2
& =(§7Z}’2\/R2 —rz)

(b) Differentiate (3) with respect to x

dV_4 2 3/ p2 2 4
W= (4 (R =)+ (=2r)]

= gﬂz [4r3R2 —4r° - 2r5}

=gn2 [4P°R* 61" | i 4)

At stationary, s =0
dr
i7z2[4r3R2 ~6r°]=0
9
47°R* - 6r° =0
r(4R*-6r*)=0
4R* —6r* =0 or =0

2
= 2§ or r=0 (rejected "7 #0)

2
S 2R
3
2
Since r > 0,7 =—, f 21; is rejected
r= 2R ..................... %)



From (4): wd 4 [4r°R -6r° ]
dr 9

a = 27[2 [4}”3R2 - 6r5}
dr
Differentiate implicitly with respect to r,

2 2
yd Z+(d—Vj =37z2[12r2R2 -30r" ]
dr dr 9

Vv

Substitute r = \/%R and d—V =0

dr

2 2
Vd—ljzzﬂz 12 zR2 R*-30 zR2
dr 3 3

9
dZ—szzzz 8R4—@R4
dr* 9 3
_327[2R4
27V

Thus, V' is maximum when » = \/%R.

<0 (max)

(¢) From (1): h=R* 1"

Substitute (5) into (1)

fZ R
< replace 7 by ;R from (5) and replace 4 by —= from (6)

NG

=+/2 (Shown)



(a) From the diagram.

=tan# < obtain answer in (¢)

\/E apex \'

X

y=\/§ """""""""""""""""""""

Let the volume of the sand flowing out be V.. [ g

A IR B

1
V ==zx’
s 3 y

lzzxz(xJ < substitut al
=— —_ substitute y = —=
3 2 V2

_ 7Z'.7C3
32

Differentiate V, with respect to x

dv, zx’
& 2
Using Chain Rule,
dv, dV, “ dx
e dx dt
. 3 . dr,
Given that volume of sand flows out at a rate of 0.5 cm’ per second, i.e. d; =-0.5.
2
—0.5="% x%
2o de
dr -0.52
dt zx’
When x =2 cm,
A 052
dt (2%
=-0.0562697698

=—0.0563 (correct to 3s.f.)

The rate of decrease of radius of sand surface is 0.0563 cm/s.
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Solution

(a) Given that the container holds k cm® of liquid when full,

*. volume of a container = k

girr3 +arh=k

m’hzﬁ—zﬂrz
r 3
k2
h_?—gr ............................ (1)

Let the cost of a can be C
C =6Q2xr*)+9Qxrh)+9(xr’)

=211 +187FH oo, 2)
Substitute (1) into (2)

7Z'}”2

C=2lnr’ +187rr(L—§rJ
=21xr’ +@—127n’2
r

=977’ +ﬁ
P

Differentiate C with respect to x
ac =187r - ﬁ
dr r

At stationary, ac =0.
dr

187[1/—@20
r
18ﬂr:ﬁ
-
Pk
T
k
r=3—
V4

L
A3

The cheapest can is manufactured when r = i/g and i = %(
7

k

3 —
/a

|



Differentiate c(ll_C with respect to x
r

2
d§=18ﬂ+ﬁ
r r
Whenr:i/E

V4
2
¥=547I>0
-

. k
. r and A are minimum » = 3/—.
T

(b) Volume of water in the container till cylindrical section = 7(5)*m m’
Given that water is poured into the container till cylindrical section at the rate of ¢ litres per second.

At 72 seconds, the amount of water in the container till cylindrical section = 72/ litres

1000 litres =1 m’

- 724 litres _ 2t m’
1000

Equating, :ﬂ m’ = z(5)°m m’

000
mziﬁ
3125
dv
c) —=/t
() &
2
V=ZL+C
2
Whent=0,/=0,C=0
2
poie
2
When V' =720,
2
72%:&
2
> =144

t =12 seconds (. ¢>0)

(d) Volume of hemisphere = %72’(53)

250
=—7
3
=261.80

After 150 seconds, volume of water leaked =150(2) =300 >262.80
~. after 150 second, the amount of water is in the cylinder. Hence we only consider the rate of change of the height of water in

the cylinder.

Let H be the height in cm of the water in the cylinder.
V=nrH

When r =35
V=r(5’H



Differentiating (1) with respect to H

£=25ﬂ'
dH

Using the Chain Rule,
ar _av_an

At dH  dr

Water leaks from the container at a constant rate of 2 cm® per second, i.e. & =-2
t

When d—V =257 and ﬂ =2
dH dt

-2 =257 xﬂ
dt
v __ 2
dt 257

. . L . 2 .
The height of the water in the container is decreasing at 5 cm per second, 150 seconds after the start of leaking.
z
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Solution

(a) Given that intensity of the light, 7, is inversely proportional to the square distance from the light source to a point,

1
ie [oc—
x2
sin @
1= 7
SINO = IX" oo )]

Using Pythagoras theorem,
PA* =04 + OP’

x* =R*+0P’
OP =~/x* —R?
Using trigonometric ratio,
sinf = or
A
2 2
. -R
sin@=Y" " ] 2)
x

Substitute (1) into (2).

I = ﬂ
X
2_p2
I= XT (ShOWN) covvvvveeeeerreeeeeeeee 3)

(b) Let 4 denote the vertical height of the light source from the ground.
Using Pythagoras theorem,

X = RPN e 4
Substitute (4) into (3).
o
(\/h2 +R’ )
h
= T e %)
(h2 +R? )2

Differentiate (5) with respect to &
a (n*+ RZ)% ) —%(h2 + Rz)% (2h)(h)
dh (h2 + RZ)3
(B +R*)30°
(1 +R?):
R -2n*

- 5

(h2 +R2)E

< use quotient rule



dr
At stationary, — =0.
AT

R*-21r*=0

h=

. 2 .
Hence, the light must be g R m above the centre of the circular area.

R
N

Use first derivative test to check if 7 is maximum:

A R R R
2 V2 2
2 A2 2 A2
371 R*—2h 20 0 R*—2h <0
(W +R*)? (h*+R*)?
Slope / — \

Hence, / is maximum when / is %R m.

(¢) Using the Chain Rule,

a_dr
dt dh dr
Given the light source is raised up at a constant speed of 0.5ms ™", i.e. % =0.5
2 ~72
A R =20 s
dt 2
(h* +R?)?
_ R-2K
R
2(h* + R*)?
When 4 =R,
dr _ R 2R
dr H
2(R* + R*)?
—R?
N
2(2R%)?
_R?

=5
2(22R5]

-1

82K
The rate of change of the intensity of light at the circumference of the circular area when the light source is R m above

the centre of the circular disc is

metres per second.

1
SV2R®
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Solution

(a) Volume of the tank = 2x°y
Given that volume of the tank is fixed at 36000 cm’,
2x’y = 36000

Let A4 be the total surface area of the tank

A=6X)+2X% oo 2)
Substitute (1) into (2).
X
= 108000 F2X e 3)
X

Differentiate (3) with respect to x

ad_ 108000 s )
dx X

. d4
At stationary, — =10
R

108000

2
X

5108000
X =
4
x=30
Substitute x = 30 into (1).
18000
30°
=20

4x

Differentiate (4) with respect to x
d*4 216000

dx’ - x’ e

When x = 30,

d’4

dxz x=30

*. minimum value of 4 occurs at x = 30.

=12>0

Therefore, the values of x and y are 30 cm and 20 cm respectively.



(b) Refer to the diagram.
AVAB and AVCD are similar triangles.

¢ _rc

AB VA 20-h

r_20-h 20

5 20 D |
Cl*r

20—h / \ |4

r= IR &) | ‘

G—DB

(b) Volume of cone submerged in the tank
= %7;(5)2 (20) - % P20 =h) o (6)
Substitute (5) into (6).
500 1 (20 —h

2
L il YT
3 773" j( )
:@ﬁ—LﬂQO—h)3
3 48

- 418[8000 ~(20-hy']

Therefore, V' =30x60x -~ 8000~ (20~ h)' ]
48

_ _T (20— h)}
=1800A 48[8000 (20-h)'|

Differentiate V' with respect to x

dv V4
— =1800—-—{ 3(20—h)*
dh 48[( )J

T
=1800——(20-h)’
T )

When /2 =10,
dar

& ~1800-"(100)
dh 16

Using chain rule

dh_dh v

de dV dr
Given that d—V =1000,

dt

% = ; %1000

dt 1800 (100)
16

% =0.562 (correct to 3s.f.)

The rate of increase of water level is 0.562 cm/s.



21

Solution

(a) Using sine rule,
x L
sin(120° — @)  sin60°

L .
X=— o ':sm(lZO0 - 9)] < use addition formulae

sin6
L . o o -
=— [s1n120 cos—cos120 smH]
sin 60°
:2—L £0059+lsin6
B2 2
‘x—L[cos9+Lsin6’J (Shown) (1
. om0 (ShOWN) o

(b) Let ¢ be time in seconds.

When € =90°,
1
x=L{ c0s90° + —sin90°
(o + s’
_L
NE)
When 6 =30°,
1
x=L| cos30° + —sin30°
[oma o onar ]
=L £+_]
2 23
2L
NG

. . . dx (final x) — (initial x)
Given that x increases at a constant rate,i.e. — = - .
t time taken

« (5 5)

dt 60
L

603

Differentiate (1) with respect to 8

ﬂ:L —sin9+Lcos€
do 3




Using Chain Rule
de_dr do
dt do dt

Substitute dx = L and de = L(—sin 0+ Lcos Hj into (2)

dt 60\3 do NG
L L(—sin¢9+Lcos¢9j><%
6043 NE) dr

When 6 = 60°,

—sin 60° +Lcos 60° ] x%
dr

L _L(

603 NG)

1 Boo1ro1) de
—— = —+—=Xx— [x—
60+/3 2 32 A

1 _(—3+1jxgg
603 \ 243 ) dr

do _ 1 -

&t 60

The rate of change of 8 at 8 = 60° is % rads™.



(c) Atinitial, i.e. when ¢t =0 where 8 =90°,

the distance from O to P, x = L(cos 90° + Lsin 90°j

NE]

L

3

Given that the rod starts to roll at a constant rate for 60 seconds, i.e.

at 1 second, P moves L cm
6043

At t seconds (0 <t <60), P moves

t cm

L
603

.. the distance from O the position of P at ¢ seconds, OP = L L

—t—t
36043

Given that 8 is decreasing at a constant rate from 90° to 30° in one minute (60 seconds)
. at 1 second, @ is decreasing at 1°.

So, for # seconds, @ is decreasing at °. Angle OP'O = (90—1)°

0/ Py 90-oA "
D

I .
OP'= L(COS(90 —1)° +—sin(90 — t)"j < complementary angles for trigonometry ratios cos(90 —¢)° =sin¢° and sin(90 —¢)° = cos¢’

NE]

D=0P'-0P

= L(sint" + Lcos t"J - (i + Lt]
NE) 36043

. o cost’—1 t
:L(smt +— j

B 603

D . t° -1 t
(d) f:smt" L.

B 603

Using GC,

NORMAL FLOAT AUTO REAL DEGREE MP u NORMAL FLOAT AUTO REAL DEGREE MP n
CALC HAXIHUH

Ploti Plotz Plot3

Y1=sinCX)+(CCos(RI=12#( T (3N -((K)e..

\

30047 ¥=0.1343115

The maximum value is 0.1343.
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Solution

()

(b)

Attime t, AQ=20-a
Using trigonometric ratio
20—a

tan ZARQ =

Attimet, BO=5b

Using trigonometric ratio

b
tanZQRB = —
o 20
Using Addition Formulae: tan(4+ B) = tandttanB
l1-tan Atan B
tan @ = tan(LARQ + LORB)
_ tan ARQ +tan ORB
1—tan ARQtan ORB
20—a b
+ R
__ 20 20
- 20-a( b
20 \20
20(20 -
_20@20=a%D)  ohown) (1)
400—-20b + ab
Given b =2a ..oeceeeeeveeieenen, 2)
Substitute (2) into (1)
tand = 2020+ a)

400 —40a + 24’
Differentiate with respect to a,
“ec’d dé _ 20[(400—40a + 2a%) - (—40+4a)(20+a)]
da (400 —40a +24%)’
~20(1200-80a —2a”)
© (400-40a +2a%)’

At stationary point, 49 =0
da
20(1200—80a —24>)
sec’ (400 —40a +2a>)’
cos’ #(1200-80a —2a*) =0

Since cosd = 0 (9 # %J

- 1200-80a—2a* =0
Using GC,
a=11.6 (3 s.f.) ora=-51.6 (rejected since a > 0)

o, 6 1s maximum when a =11.6



(c)(i) When ¢ =0, triangle POR is an isosceles. .. 6 =45°.
Substitute & = 45° into (1).
2020-a+b)
400—20b+ab
2020 —a +b) _q
400—20b+ ab

400—20a +20b = 400—-20b + ab

tan45°

b=-2%" (Shown)
40—a
(c)(ii) From (c)(i)
b 20a
40-a
Differentiate b with respect to ¢
db 800 da

dt (40-a)’ dt

Given that 4 moves at a constant rate of 0.5 ms™', i.e. for 1 second, @ moves at 0.5 m.
Att=30,a=05%x30=15m

Also given that % =0.5

Substitute d_a =0.5 and a =15 into % = —800 3 d_a
dr dt  (40—a)" dt
w0 oo
dr  (40-15)

=0.64 ms™' (correct to 2 dp)

The speed of B at ¢ =30 is 0.64 ms™".
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(a) Let H be the vertical height of the trapezium.
By Pythagoras Theorem,
H? +x* = (4k)’

H = (4 —x* . (1) i

S = %(2)6 +8k)H .............. (2) < Area of trapezium ABCD

Substitute (1) into (2)

_ %(Zx 81 (4k) —x*
= (x+4k16k* 27 (Shown)

(b) Differentiate S with respect to x
1
% =16k —x* —(x+4k)x(16k*> —x*) 2

. ds
At stationary, — = 0.
R

-2x* —4kx +16k”
V16k* - x*
x* +2kx -8k =0
(x=2k)(x+4k)=0
x =2k or x=-4k (Rejectedsince x > 0)

0

_ 2 _ 2
. dS _ —2x> —4kx+16k
dx N
2(x? +2kx —8K?)

V16K —x*

. . ds
Differentiate o with respect to x

1
&5 VI16k? — x> 2x +2k) — (x> +2kx—8k2)%(16k2 —x%) 2(-2x)

=-2

dx? 16k —x*
When x =2k

d’s 12k 6k

45 _ VIR 6k 5o

dx? 12k2

Area of trapezium is maximum when x = 2k.

dk

(radius)



(¢) Given x = 2k, substitute x = 2k into (1)

H =./(4k)’ —(2k)> < H be the vertical height of the trapezium
=12k’

X w2k H

=w-2k

2%
we ks 2K @)
H

Substitute (3) into (4)
h2k
(23k)
=2k+ La

3

V' = (area of trapezium) x (length of the bucket)

w=2k+

= [% x height of trapezium x (sum of its parallel sides)} x3
1
3 .
= EX hx2(2k+w) < substitute w =2k +
=§h 4k+2[i+2k]
2 V3

=3h (41{ + %) (Shown)

NG

(d) Differentiate ' with respect to A

dv h 1

—=|4k+— |3+3h| —

(%P ()
=12k+ﬁ

NG}
When % = /3k,
dv

— =18k
dh




Using Chain Rule,

dh_dh v
de dV dt
1 dV

= —X—
18k dt

Given that the bucket is filled with water at a constant rate of 0.2 m’/s, i.e. (il_lt/ =0.2.

dh 1
—=—x0.
dr 18k
:Lm/s
90k

The rate at which the depth is increasing at the instant when the depth is k~+/3 mis ﬁ m/s.
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(a) Let 4 and a be the height and base of the right angle triangle formed respectively as shown.

Refer to the above diagram.

Using trigonometric ratio,
h=0.2sin6d
a=0.2cos@
Let V' be volume of the tray
.. V = Area of base trapezium x length
= %[0.2 +(0.2+ 2a)](h) x2
=(0.4+0.4co0s0)(0.2sin )

=0.08(sin @ +sinf cos )
=0.04(2sin @ +sin26) (Shown) ....cccccecevereenuennne. (1)

(b) Differentiate (1) with respect to 8

{14

—=0.04(2cos8 +2co0s26)
de

=0.08(cos @ + cos260)
. oo dy
When the capacity of the tray can hold as large as possible, i.e. T =0.
cos@+cos260 =0
cos@+(2cos’f-1)=0

2cos8’ 6 +cosf—-1=0
(2cos@—1)(cos@+1)=0

cosf = or cosf=-1 (rejected, since dis acute)

0=

Wy =



Method 1: (2nd Derivative Test)

2
S 0.08(sin0+ 25in20)
a0

Since @ is acute, sin@d > 0 and sin 26 > 0

2
j—; =-0.08(sin@ +2sin20) < 0

. . V4
Hence V' is maximum when 6 = ?

Method 2: (1st Derivative Test)

drv
— =0.08(cos @ + cos 280) + 0 -
da

. . V4
Hence V' is maximum when 6 = ?

Let p and b be depth and base respectively of right angle triangle formed with the side wall of the tray.

From the diagram,

P

tamZ == 0.242b

p=>b

0.2

Let V, be volume of oil when depth is p.

V, = (Area of cross-section) x height

= (Area of trapezium) x height
= %[0.2 +(0.2+ 2b)]p x2

=(04+2p)p <sinceb=p

Differentiate (2) with respect to

dv
L =04+4p
dp



Using the Chain Rule,
dp_dp I,
e dv, dr

dv
Given that oil is poured at a constant rate of 0.02 m’ into the tray every second, i.e. 1 £ =0.02
t

1

= x0.02
04+4p

When p =0.1,

L om
0.4+4(0.1)

= L>< 0.002
0.8
=0.0025ms™" (Shown)
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(a) By similar triangles,

h+6 21

h 12
12h+72=21h

h=8 ";TI """""

By similar triangles,
x _y+h

12 h

x y+

8

Volume of the water in the gutter, /' = (Area of trapezium) x Length of the gutter

- %(x TR TCR) R )
Substitute (1) into (2)
V= Z(Mﬂzjm)
2 2
2257 000y (SHOW) o 3)

(b) Whent=0.5,

! 3 (3.6
Amount of water flows into the gutter for 0.5 hours = IOZ 3x10°t 26(2 ! ] dr
=9.3724

Total amount of water in the gutter for 0.5 hours = Volume of the water in the gutter
2

7112.25+9.3724 = 2ij +900y

y=5.806
.. the depth of water the gutter at 0.5 hour is y = 5.806

Differentiate (2) with respect to y
A7 _ 225 400
dy
B 2
225y +1800



©

Using the Chain Rule,

d_dy 4
de dV dt
3 [LE)
= — % |x3x10° 2¢'2 ¢
225y +1800

When ¢t =0.5and y =5.806,
Y =0.150437 m/h
dt
=0.150m/h (correct to 3 sf)

The rate of change of y at the instant where water is pouring into the gutter for half hour is 0.150 m/h.

When y =6,V =7425
When y =4,V =4500
When y =2,V =2025

Total time taken for the pumps to drain out the water completely

volume of water in time interval

- (no. of pump) x rate of pump water
= (Time taken when 4 < y < 6) + (Time taken when 2 < y < 4) + (Time taken when 0 < y < 2)

_7425-4500 N 4500-2025 N 2025
3x85 2x85 85

=49.85 min
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(a) Using Pythagoras theorem
rPht=1

B=N1=1 (0> 0) oo (1)

Let V' be the volume of the cone

1
V= 3 TP R e, 2)
Substitute (1) into (2)
V= %ﬂrz 1-7° < apply product rule

Differentiate V' respect to r

r

3W1-7?
2 1 3
—nr(l=r")——zr =0
20-r*)=r* =0
3’ =2
r=,= (:r>0)

V is maximum when r = \/g



(b) Given that r = \/;, substitute (1) A

h=f1-2
3

_ L

V3

Using similar triangle,
h'_0.5r i

h r W

h'
—=05 0.5r

x_H B
h

Let the volume of the liquid in the nozzle at time # minutes be
1

1 1
V= gﬂsz —§7r(0.5r)2 h'  <volume of cone formulae = — 7zr°h

ryren 3 (3

i{ﬁﬁ} .............................

Differentiate V with respect to x
W _xx
dv 2

Given that the volume of the liquid in the nozzle is 0.2 m’, substitute ¥ = 0.2 into (3)

(3) (Shown)

1 x 1
02=—r| =-——
3 L/E 12@}

x=0.69667558



Using Chain Rule,

dr_dv dv
dt dV dt
Given that net inflow of liquid is 0.05—-0.03 = 0.02 m? per minute, i.e. (ii_lt/ =0.02
= \? x0.02
X
When x =0.69667558
= sz (0.02)
7(0.69667558)
=0.0185

.. x increases at 0.0185 m per minute
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Solution
y
A
(a) Refer to the diagram (triangle OTQ)
T
cosf = 99 —7
a [ ab P
0Q =acosf al |s
T a N P(x,y) A0
sinf = 0 o
a
70 = asin@ o 0

Arc length of circle = a
. TP =al
Refer to the diagram (triangle P7S)

SP =afsin@, TS = alcosl

x=0Q+SP
=acos@+afsinf (shown)

y=T0-TS

=asin @ —alfcosf (shown)

". the parametric equations are x = a(cos @ + dsinfd), y =a(sind—cosd), for0<H< % (Shown)

(b) Given x=a(cos@+0SING) .....ccocovrcvvevecrreianns (1)
and Y=a(SiNO —COSO) .cccvvrrrereeieieeieenn 2)

Differentiate (1) with respect to &

E:—asim9+asinc9+0u9cos«9
de

=afcosl
Differentiate (2) with respect to &
dy

_6: acos@—acosf+alsinf
=afsind
Using the Chain Rule,
dy _ afsinf
dx afcosf



When 6 = %, substitute 6 = 3 Z into (1), (2) and (3).

From (1) x= a(cos£+£sin£j
3 3 3

At
(

From(2) y=a sm%—%cos—j

From (3) d_y ~tan~
dx

*. Gradient of normal = —

-

Equation of normal at ¥ is

3 \/5_7[ __1 _a_zra3
O T VY RN

& —ﬁa[ﬁ}”ﬁa——ﬁh”ﬁ”
7 2 6 2

\/gy =2a—-x  (Shown)

. T . . . dx
(¢) Given that at € = 3 x increases at a rate of 0.3 units per second, 1.e.d— =0.3.
t

Using Chain Rule,
dy dy dx
dt dx dr
T
=| tan— [(0.3
(% o3
NENE)
10

Given z=uxy

Differentiate z with respect to ¢

e Y, &
a a7V
:a(l+”_\/§](ﬁ}ra[ﬁ_£](0@
2 6 10 2 6
— 0.834a (3sD)

". the rate of change of z at /¥ is 0.834a units per second.
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Solution
(@
¥
< 2 -
¥ 45m 4 C 3m/D SCORING LINE v
xm i
B
K o
B
Let angle AKD be a. Let angle AKD be .
Y 45415 Y_45-15
tan AKD = P tan AKD =
x x
Y 45415 Y_45-15
tang=2— tanf = 2
x x
_r=6 _y-12
2x 2x
From the diagram.
O=a-p
tan @ = tan(a — )
_ tana—tanf
l+tana tan S
y=-6 y-12
_ 2x 2x
()
2x 2x
B 12x
4x* +(y-6)(y—12)
12x
=———— (Shown) ....cccoevrrrrirrnen. (1), where 4 =(y—6)(y—12)
4x°+ A4

(b) Differentiate (1) with respect to x

2 —
sec? 9(%) _ 12(4x +;4) lfx(Sx)
dx (4x"+ A)

_ 2
sec’ QL%J = —lz(f 4x 2)
&) @2 +4)

%) C12(A -2 A4 +2x)
de ) (4x> + A)?

sec’ 0[



To maximises tan &, % =0.
dx

12(J A4 = 2x)(A4 +2x)

29(0) =
see 00 [4x* + 4]

_12(JA-2x)(4+2x%)

O 2
[4)(2 +AJ

0=(/4-2x)(/4 +2x)

X=—  or x= —g (Rejected, since x > 0)

Thus for maximum &, the player should be TA m away from the scoreline.

(¢) Given that the length of the scoring line XY is 20 m, i.e. y = 20.
Substitute y = 20 into 4 = (y —6)(y —12).
S A=112

Substitute 4 =112 into x = g

The player should be 27 m away from the scoreline.

(d) When the player is 15 m away from the goal line, i.e. x =15.

Substitute x =15 and 4 =112 into (1).
45

. tanf =——
253

. . dx
Given that the rugby player runs at a constant speed of 50 m per minute, i -50.

Using Chain Rule
40_do dx
de dx dt

_DWA-2(Ae2
sec” O(4x* + A)°
A4
(1+tan® )(4x” + 4)°

WhenleS,tanH:ﬂ,A:IU
253

_ 2
_ 12(112) — 48(15) 50

45 Y ) 2
{1{253) }[4(15) +112]

= 0.447 rad/min (to 3 sf)

The rate of change of 8 at the instant visual angle when the player is 15 m away from the goal line is 0.447 rad/min.
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(a) Given x =r(0 —sin8)
ﬂ:r(l—cosﬁ) ............................... (N

dé
Since —1<cos@ <1forall@ >0,

0<1-cosf<2
0<r(l-cos@)<2r

% >0foralld>0. (Shown)

(b) Given y=r(l—cosd)

SN e @)
When E =0.
do
From (1): r(l-cos&)=0
cosd =1
0=0,2r,4r, ...
Whend—y =0
dé
From (2): rsin@=0
sinf =0
0=0,7,2r,3x,...

Therefore, for both L =0and & =0
do do

0=0,2r,4r,...

.. @=2nr, wheren=0,1,2, ...

(¢) The wheel rotates at a constant rate at k rad/s, i.e. ? =k
t

Since point P is at rest at least once every 0.5 seconds, the wheel rotates at least 27 every 0.5 seconds.

49, 2%
dt 0.5

k>4r

.. the range of values of k if the point P is at rest at least once every 0.5 s is k > 47.



(d) The wheel rotates at a constant rate at k rad/s.

(e)

Given that k = 87z, the wheel rotates at 87 rad per second.

When ¢ =

w | oo

8

, 0=—8x
3( )
64

= ? V4
Using Chain Rule,
& _dr do
dt do drt
=2(1-cosB)(8x)

Whent=§7r,¢9=ﬁ7r
3 3

%z 167 l—COS[ﬁﬂ'j
dt 3

=24r

The exact value of % when ¢ :g is 24 rad per second.

From the Chain Rule,
Y_& 49
d doé dr
=(2sin6)(87)
=16xsind
Since—1<sinfd <1,
—167 <167sinf <167

.. the maximum value of % is 167.
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@) 3x° —2xy+5y" =14 oo (D)
Differentiate (1) with respect to x

dy dy
6x—2x 2 -2y +10y2L =0
& 7T
2x-109) ¥~ 6x—2
105 ¥

d_3x-y (Shown)

dx x-5y
(b) Given that the normal is parallel to the x-axis, i.e. % =0.
3x—y _0
x=5y
x=5y=0
y=02x

Substitute y = 0.2x into (1)
3x* = 2x(0.2x) +5(0.2x)* =14
2.8x* =14

x:i-\/g

The exact x-coordinates are + \/g .

(¢) Given y =1, substitute y =1 into (1)
3x* —2x(1) +5(1)* =14
3x*=2x-9=0
Using GC, x =—1.4305 or x=2.0972

(¢) Using Chain Rule,

b _ b &
dt dx dt
Given that y decreases at a constant rate of 7 units per second, i.e. % =-7.
7= Mj [%
x=5 )\ dt
dx _7(5-x)
dt 3x-1

When x =2.0972,

% = 3.84 units per second (3s.f.)

The corresponding rate of change in x when y =1 is 3.84 units per second.
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Solution
(a) Given x=sin"@ ...ccccceuenn.e. )]
and Y=008" 0 oo 2)

Differentiate (1) with respect to &

ﬁz 2sinfcos @
de

Differentiate (2) with respect to &

b _ —3cos? Osin 0l

deo
Using the Chain Rule,
dy
b _a
dr &
dt

_ —3cos’ Osin6
2sinfcos b

3
=—=cosf
2

Given that the point P has parameter p, i.e. 6 = p.
Substitute 8 = p into (1) and (2)

From (1): x =sin’ p

From (2): y =cos’ p

. P(sin® p, cos’ p)

Equation of tangent at (sin” p, cos’ p)

3 .
y—cos’ p= (—Ecos pj (x—sin® p)

3 3 .
y= (—Ecos pjx+500spsm2 p+cos’ p (Shown)

3 3 .
(b) When y =0, (Ecospjx :Ecospsm2 p+cos’p

.2 3 2
X=8m" p+—Ccos” p
2 N [O, %cospsin2 p+cos’ p)

.. the coordinates of M = (sin2 p +%cos2 P, Oj

M[sinz p+%cos P OJ

»
»

Whenx=0, y= %cospsin2 p+cos’p

. 3 .
. the coordinates of N = [0, Ecospsm2 p +cos’ pj



Area of AOMN

-1 Ecospsin2 p+cos’p | sin’p +3cos? P
2\2 2

= %(%)(cos p)(3sin® p +2cos’ p)(éj@ sin® p +2cos” p)

%(cos p)(3sin® p +2cos® p)*

1 . .
E(cosp)(sm2 p +2sin® p+2cos® p)’

é(cos p)(sin® p+2)>  (Shown)

(¢) Let Abe the area of AOMN.

A= %(cos p)(sin® p+2)°

= i(cos Pp)(2)(sin’® p +2)(2sin pcos p) —L(sin p)(sin® p+2)°
& 12 12

%(sin p)(sin® p+2)[ 4cos’ p—(sin* p+2) |

. 3 . .
Given x = 7 substitute into (1).

sin’ p =

p:

Wy &lw

or p= —% (rejected as0 < p < l7r)

Substitute p = % into (3)

d4

—= (Sinzj(sin2£+2j 400521—(sin2£+2)]

dp 12073 3 3 3
_1(3 (E)(l_ﬂj

120 2 L4 4

T3
384
Using Chain Rule
M _d4 dp
d dp dt

Given that p increases at a constant rate of 0.2 radians per second, L _02

_ T3 o,
384

T3
1920

units?/s

. . 3.
The rate of the area of triangle OMN decreasing when x =— is

units per second.
1920
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Solution

Let 7 and A be the volume and surface area of the spherical mothball respectively.
Given that the spherical mothball sublimes; its volume, decreases at a rate, proportional to its surface area,

1e d—VaA
dt
So d—V—kA,k<0 .................................... )
dt
V= imf3
3
Differentiate V' with respect to
v =477’ dr
dt dr
dr
= A— 2
m ()
Equating (1) = (2)
kA = A2
dt
_y
dt

Since k < 0, the radius decreases at a constant rate  (Shown)
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Solution

(a) Using similar triangles, 4 r B E 4 D
sC_pC
BA DE
NP+ h-4 e h-4
r 4

162 + h*) = 1> (h—4)?

2 (h* —8h) = 16 c

) _ 15k°
h* —8h

4h 4h

r=———= (Shown) or r»=———= (Rejected "7 >0)
h* —8h h* —8h

(b) Let volume of cone be V'

|4 =17zr2h
3

_17{ 4h th
3 \Vh*-8h

167z W
_T[h—SJ ....................... (1)

Differentiate (1) with respect to

dn 3 (h—8)

16z h* ~16h

_T(m—s)z J
16z (h)(h—16)

- (h-8)

dem_ﬁ(Zh(h—S)—th

. . dv
For stationary points, Ty =0.

167(h)(h—16) _ 0
(h-8)’
167z(h)(h—16)=0
: h=0 (rejected ~h>0) or h=16

Substitute 2 =16 into (1)

y_tor( 16
3 (16-8

512z

3 h 16 16 16"

Sien of v 0
h —_— —ve +ve
. Vis minimum at 4 =16 oL ve

5127,

.. the minimum volume of the cone when 4 =16 is cm




(¢) LetV,, Aand R be the volume, surface area and radius of the spherical molecule respectively.
V.= §7ZR3 < volume of the spherical molecule
Differentiate ¥, with respect to R

LAy
dR

A=47xR* <surfacearea of the spherical molecule ...............cocoo........ 2)
Differentiate 4 with respect to R

a =87R
dr
. . . 1 ,, .. d4 V4
Given that the surface area of the molecule is decreasing at a constant rate of R” cm®/min, i.e. % = T
t
Using Chain Rule,
dv, dvV, dR d4
—_ = I x—
d dR d4 dt
=47R* x ! X —iﬂ'
87R 16
R
et 3
3 A3)
Att =0, substitute =0 into (2)
A=4m(4%)
=64r
Att =4,
1
A=64r— 4(—7rj
16
_255x
4
. . . .. 2557,
.. the surface area of the sphere 4 minutes after it has placed in the jar is cm”.
Substitute 4 = 2557 into (2)
4zR* =255%
TR = 2557
4
R 255
16
. 255 .
Substitute R = ,Y into (3)
W, __ = [555
dt 32V 16
N255r 4, .
=————cm’/min
128
" the exact rate of decrease of volume of the molecule 4 minutes after it had placed in the jar is fjg” cm’/min.
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Solution

By Pythagoras' theorem,

h+x*=3.12° ,
By implicit differentiation w.r.t. ¢, l
Zh% + 2x£ =0
dr dr
When h=1.2, % =0.2and h
dt
x*=3.12-1.2°
x=2.88  (Sincex>0)
Hence,

ladder

2(1.2)2—?+2(2.88)(0.2) =0

dh =-0.48
dr
Hence, the top of ladder is sliding down at a rate of 0.48 m/s.
Method 2
By pythagoras' theorem,
h+x*=3.12°
By implicit differentiation w.r.t. x,
2}z%+2x:0:>d—h:—f
dx dx &

When 71 =1.2, ;ﬂ =0.2and
t

¥ =3.12"-1.2°
x=2.88 (Since x >0)
Hence,%:%x%
dr  dx dt
:—&XOQ
1.2
=-0.48

Hence, the top of ladder is sliding down at a rate of 0.48 m/s.

—>
0.2 m/s
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Solution

(@)

(b)

0 Y O
From the diagram,
using trigonometric ratio,

OA=rcosd@ and AP =rsind

0Q0=00-04
.. OQ=x-rcos@
By Pythagoras Theorem,

AP* + AQ* = PQ?
r*sin® @+ (x—rcos)’ =16r°
x—rcosﬁzm (since x —rcosd > 0)
x=r(cos€+m) (Shown)

Alternative Method
Using Cosine rule,
(4r)* =r* +x* —2rxcosé
x> —2rxcosf =157
(x—rcosd)* —r’cos’ 8 =15¢
(x—rcos@) =15¢ +r*cos’ 0
(x—=rcosd)* =15¢" + r*(1—sin’ )
(x=rcosd)* =r*(16—sin* 0)
x—rcosf =rV16—sin*@ (Since x—rcosd > 0)

.’.x:r(cosﬁ+\/16—sin29) (Shown) ...c.coevveveeieenens (1)

Differentiate (1) with respect to 8

1
ﬁ:r —Sin9+l(16—5in29) 2(=2sinfcos )
de 2

Using Chain Rule,
& _dr do
dt d@ dr

o PR do
=r —s1n6’+5(16—sm 0) 2(-2sinHcos ) i

= —rsin9[1+ cost )dg

V16 —sin?@ ) dt



(¢) Given that c(li_G =0.5rad/s and when @ = ZT”’
t

dx \/g 1
e 3 (2
16—(}
4
~—0.378r cm/s

Qis moving towards O at a rate of 0.378r cm/s.
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Solution
(a) Let/ be the slant height of the pot.
By Pythagoras Theorem, o A
P=n+r
L=NRHF e, €))
I h
Let 4 be the curved surface area of the pot
A=Tr v )
Substitute (1) into (2) v

A=rnrdh* +1*

h= (ij I e 3)

nr

Volume of the pot, V' = %ﬂrzh ............................ 4)

Substitute (3) into (4)

2
vV :lﬂrz ’[AJ -7
3 r

Given that the pot has a fixed external curved surface area of ax cm’, 4 =arx

1 ar Y’
L (_j _
3 v
2
V:lﬂr2 ’(Ej -7’
3 r

1, a7+

V==nr
r2
= %ﬂr\/az —rt
O =7 (a® —r*) (Shown) .....cococvvvveviennan &)

Differentiate (5) with respect to »

18Vd—V =27a’r-6x’r’
dr
. dv
At maximum volume of the pot, when e =0.
r
r’d’r=-37°r =0

ra*=3r*)=0

2
r= ﬂ% or r=0 (Rejected,sincer >0)



Use First Derivative Test to show minimum

18Vd—V =27’a’r - 671’
r
9Vd—V= T2 =377 e, (6)
dr

d_V B ©r(a® =3r")
dr o

=]

SinceV >0, r >

H

Vi)

—_— —[+](=) = +ve 0

—{+](+) =—ve

Tangent / —

o,V is maximum at » = #

ﬁ

@
3
From (5): 9V =z°r*(a® —+")
V= %72'}”\/(12 -t
2
Substitute r = ,4/% into V = %ﬂr\/az -
V= éﬂr\/az -t

3 7

. the maximum volume is 7v/2a23 4 cm®




Alternative Method (Use Second Derivative Test to show minimum)

From (6) o 3 _ 202 3
dr
ary av
9(—) + —=r'a" -1577r" .. 7
r r

2
Substitute r = ,4/ a and d—V =0into (7):
3 dr

2 2
9mf+9VdZ=n%2—wnzﬁ-
dr 3

dw _ 4r’a?
dr? o
2

Since V' > 0, therefore ((11—5 <0
r

2
. . f a
.V is maximum when 7 = # ?

(b) Using similar triangles,

9 cm
x_r
9 24
3y
e —————— 1
< (D

W= %m”zy ............................. 2)
Substitute (1) into (2)
)
3713 yiy
35
=TT e 3
™ 3)

Difterentiate (3) with respect to 3
dw (9]2
—_— = — y
dy 64

When y =1, substitute y =1 into w _ 7[( 2 jyz

dy 64
dw 9
—_— =T
dy o4
Using chain rule,
y_&
de dw dt
64 1
= —X| ——
4 ( 2)
2 -1
=—— cms
or

. .32
.. the rate of decrease in the depth of water is ;— cm per second.
T
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Solution 300 cm?® per second
—_—

(a) Let H be the height of conical container
tan30° = 30
H
30
tan 30°

=303

30

r
tan30° = ——
3043 -4

r :(30\/§—h)tan30° Heh

30V3-h
NG

V' = Volume of cone — Volume of not filled with water

L 1 (303-hY
V=70 )(304/3) 37{—6 j(30\/§ h)

= 900037 —%(30@ —h)  (Shown)

(b) Differentiate I with respect to ¢

dl:_%(soﬁ_h)z(_%j

dt d
T 2dh
:3(30\/5 ~h) o

Water is poured at a constant rate of 300 cm® per second, i.e. (L—V =300
t
Vs 2dh
300="(30V3-5V3) —
3 ( ) dt

300:%(25\/3)2%

dh 300
4 6251
2
T 251

.12
Hence the rate of change of depth of water is S5 cms.
T




Alternate Method
Differentiate J with respect to 4

i—: - —%(30\/5 ~h) (-1)

- %(30\/5 —h)

Using Chain Rule,
dh_dh v
de dV dt
= % % (300)
3(30\/5 ~h)
900

) 7(3043 —h)2

When h = 5\/5 s
dh 900

dr 7(30V3 543

12 .
=—— cms
257

Hence rate of change of depth of water is % cms.

T
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Solution
(@)
Using similar triangles,

12-h r

= r_Z 12-h

12 6 h
12—-h=2r
B=12=2F o 1 ! 6

(a)(ii)
Volume of the smaller cone V' = %ﬁrzh ............................. 2)

Substitute (1) into (2)

V =§7Z'r2(12—2r)

=47’ - 2 zr’
3

Differentiate V' with respect to
dv

—— =8P =27 e 3)
dr
. d
At maximum, — =0
dr
8zr—27r’ =0
27rr(4 - r) =0
r=4 or r=0 (Rejected, since r > 0)

Substitute » = 4 into (1)
h=12-2(4)
h=4

Difterentiate (3) with respect to r
a’v

- = 8T —4rr
dr
When r =4
2
d:z/ =87 —4n(4)
=87 <0

. r =4 and h =4 is maximum such that the smaller cone has the largest possible volume.



(b)(i) Let the radius of the surface of the water in the smaller cone at time ¢ seconds be R.

Using similar triangles

3.6
R k
3
—k=R v, 1
5 (1
1, 6
Volume of the smaller cone,V = 57[7‘ B, 2)
Substitute (1) into (2)
3
2
V= lﬁ(ékj k
3 \6
= ln(l K jk
3 \4
L s
V= Eﬂ'k ....................... (3) (Shown)

Differentiate (3) with respect to £

vk

dk 4

Using Chain Rule,

& _dk dv
de dV dt
4
= x—
k™ 16

de 1

G g 4

Integrate both sides with respect to ¢

jk%ik:j%dt

3
1 .
— =—t+c¢, where c is a constant.

Whent=0and k=0

wc=0.




Substitute k£ = 2 into (4)
dk 1
4@y

1
16

. . 2 1
.. the rate of k increasing at 3?seconds is T cm per second .
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Solution

(a) Letx =distance of the car from the junction P and y = distance between the car and truck

By Cosine Rule,
y* =x" +48 —2x(48)cos120°
y? =x> +48x+2304  (Shown) .....cocovvvveereerennee. @)

(b) Differentiate (1) with respect to ¢
2 yd—y = 2xE + 48E
dr dr dr

When x =15, substitute x =15 into (1)
' =x" +2304+48x
y* =15 +2304 +48(15) = 3249
y=57

The rate of change of the car is ;ﬂ = —60 because it is traveling toward P.
t

2(57)% =(2(15)+ 48)%

d_y:_41L
dr 19
=—41.1.(3sf)

Hence, the distance between the car and the truck is decreasing at a rate of 41.1km/h.
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